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Abstract 

We present in this article relations between cross ratios and repre- 
sentations of surface groups. More specifically, we describe a connected 
component of representations into SL(n, R) as the set of cross ratios on 
the boundary at infinity of the group which satisfy some functional rela- 
tions depending on n. We also show that representations into C 1 ' (S 1 ) x 
Diff h (S 1 ) can be described as cross ratios. We exhibit a "character va- 
riety" of such representations. We show that this character variety con- 
tains all character varieties for SL(n, R) as well as the set of all negatively 
curved metrics on the surface. 



1 Introduction 

In this article, S is a closed surface with genus at least 2, iti(S) is the fundamen- 
tal group of S. We denote by d x TT 1 (S) the boundary at infinity of iri(S). We 
recall that d oc 7T 1 (S) is a one dimensional compact connected Holder manifold, 
hence Holder homeomorphic to the circle S 1 . The group 71-1.(5) acts by Holder 
homeomorphisms on 9 tx) 7ri(S'). 

We first give a definition, closely related to the beautiful one introduced by 
Otal in 

A (strict) cross ratio is a 7Ti(5)-invariant function b defined on 

9oo7ri(5) 4 * = {(x,y, z, t) £ <9oo7ri(5) 4 , x ^ t and y ^ z] 

which satisfies some algebraic rules: (c/. Equations (|3.1|l ). 

b(x,y,z,t) = b(z,t,x,y) 

b{x,y,z,t) = ^ x = y or z = t 

b{x,y,z,t) = b(x,y,z,w)b(x,w,z,t) 

b(x,y,z,t) = b(x,y,w,t)b(w,y,z,t) 

b{x,y,z,t) = I <t^x = z or y = t 

"L'auteur remercie l'lnstitut Universitaire de France. 
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Whenever S has a hyperbolic metric, 9 0O 7Ti(S') is identified with RP 1 . Thus, the 
usual cross ratio of the projective line gives rise to a cross ratio on 9 00 7Ti(S'). It 
follows that every cocompact representation of tti(S) in PSL(2, R) give rises to 
a cross ratio. Moreover, these cross ratios can be characterised as those which 
satisfies the following extra relation 

1 - b(x,y,z,t) = b(t,y,z,x). (1) 

In this paper, we will in particular generalise this construction when one re- 
places 5X(2,R) with SL(n,M). We will also comment on an infinite dimen- 
sional version of this construction that appears when one replaces SL(n,M.) 
with C 1 '' l (5 1 ) x Diff h (S 1 ). We will also show that the corresponding "char- 
acter variety" of representations in C 1 ' (S ) x Diff h (S 1 ) contains a connected 
component of the character variety of SL(n, R) as well the moduli space of neg- 
atively curved metrics. We now explain some background and give more precise 
results in the next two paragraphs. 

In we define a n-Fuchsian representation of tti(S) to be a representation 
p which may be written as p = i o p , where po is a cocompact representation 
of wx(S) with values in PSL(2,M) and t is the irreducible representation of 
PSL(2,R) in PSL(n,R). 

In Hitchin proves the remarkable result that the connected components 
Rep H (7Ti(S),PSL(n, R)) of the space of reducible representations of irx(S) in 
PSL(n,M) containing n-Fuchsian representations are diffeomorphic to balls. 
Such a connected component is called a Hitchin component. It is denoted by 
Rep H (7ri(S),PSL(n,R)). A representation which belongs to a Hitchin compo- 
nent is called a n-Hitchin representation. In other words it is a representation 
that can be deformed to a n-Fuchsian representation. 

In we give a geometric description of Hitchin representations, which was 
later completed by the work of O. Guichard 2 (c/. Section[5J). In particular, we 
show that if p is a Hitchin representation and 7 a nontrivial element of 7r 1 (S l ), 
then p(j) is real split (Theorem 1.5 of 0). 

We finally state another construction about cross ratios: associated to a 
nontrivial element 7 of iri(S) and a cross ratio b is a real number £(,(7) called 
the period of 7 (cf. Equation ifTTfll. For the case of cross ratios associated 
to hyperbolic metrics, these periods are the length of the associated closed 
geodesies. 

Cross ratios and Hitchin representations: a correspondence 

Our first result describes Hitchin representations in terms of cross ratios, gener- 
alising the situation about PSL(2, R) which we briefly described in the previous 
paragraph. 

We first introduce more complicated functions built out of cross ratio. For ev- 
ery p, let d (X> TTi(S)^ be the set of pairs of p+l-uples (eo, ei, . . . , e p ), (uo, ui, . . . , u p ) 
in doo m(S) such that 

j > i > => ej ^ a ^ u , Uj ^u,^ eo. 
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Let b be a cross ratio. Let Xt, be the map from doo^i(S)* to K defined by 
Xb(e,w) = det Mb{e h Uj,e ,u )). 

l,J>0 

Our main result is the following. 

Theorem 1.1 There exists a bijection between the set of n-Hitchin representa- 
tions and the set of cross ratios such that 

• Ve,it, Xb( e > u ) °> 
. Ve,«, Xb +1 (e,u) = 0. 

Furthermore, if p is a n-Hitchin representation, b its associated cross ratio, and 
7 a nontrivial element of iri(S) then the period 0/7 is given by 

7 / \ , ,1 A ma x(p(7)) I \ 

h(l) = log(h 7-7-vr ), 

where \ m ax{p(.l)) and \min(.p{l)) ore respectively the eigenvalues of respectively 
maximum and minimum absolute values of the element p("f). 

For n — 2, it turns out that the functional relations described in this Theo- 
rem amounts to Relation^ 

The limit curve, drawn in P(M") and described in Paragraph 12 . 1 . 2l is the 
link between cross ratio and representations. 



A "Character variety" containing all Hitchin representations 

Since Hitchin representations are irreducible, the natural embedding of PSL(n, K) 
in PSL(n+l, R) does not give rise to an embedding of the corresponding Hitchin 
components. Therefore there is no natural algebraic way - by an injective limit 
procedure say - to build a limit when n goes to infinity of Hitchin components. 
However, it follows from the previous paragraph that all Hitchin components 
sit in the same "moduli space": the space of all cross ratios. 

We now explain the second construction of this article: all Hitchin compo- 
nents lie in a "character variety" of tti(S) into an infinite dimensional group 
G. More precisely, let C 1 ' (S 1 ) be the vector space of C 1 -functions with Holder 
derivatives on the circle, and let Diff h (S 1 ) be the group of C 1 -diffeomorphisms 
with Holder derivatives of the circle. We observe that Diff h (S 1 ) acts naturally 
on C^iS 1 ). Let 

G = C 1 ' h (S 1 ) x Diff h {S x ). 

In Paragraph ia. 1.21 we explain that this group G has a natural action by Holder 
homeomorphisms on J 1 (S' 1 ), the space of 1-jets of functions on the circle. 

Our first result is to build a " character variety" for homomorphisms of tti (S) 
in G. Namely, we define in Paragraph s . . 2l 00 - Hitchin homomorphisms of 7Ti(>5') 
in G. For such a oo-Hitchin homomorphism p, the quotient J 1 (S 1 ) / p(iri(S)) is 
compact. Moreover, in Paragraph s. 1.41 we associate a real number ^(7) called 
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the p-length of 7 to every nontrivial element 7 of ni(S), and every oo-Hitchin 
representation p. The marked collection of p-lengths is the spectrum of p. In 
Paragraph 17. 1.31 we also associate to every oo-Hitchin homomorphism a cross 
ratio. 

We denote by Homn the set of all oo-Hitchin representations. Let Z(G) be 
the center of G. Our first result describe the action on G on Homn- 

Theorem 1.2 The set Homn is an open set in the set Hom(7ri(S), G). More- 
over, G/Z(G) acts properly on Homjj and the quotient Hom(7Ti(S), G)/G is 
Haussdorf. Two representations with the same spectrum and the same cross 
ratio are conjugated. 

The two properties of oo-Hitchin representations stated in the previous the- 
orem show they are good candidates to be avatars of reducible representa- 
tions. We denote by Rep H the character variety of oo-Hitchin representations 
Hoitih/G. The following result relates Hitchin components to this character 
variety. 

Theorem 1.3 There exists a continuous injective map 

jp : Rep H (7ri(S),SL(n,M)) — > Rep H , 
such that, if p 6 Rcp H (7r!(S), SL(n, K)) then 

• for any 7 in tti(S), we have 

Here, l^( p )("f) is the ip(p) -length ofj, and \ rnax (a) (resp. \ m in{a)) denote 
the maximum (resp. minimum) real eigenvalue of the endomorphism a in 
absolute value. 

• The cross ratio associated to p and ip(p) coincide. 

In some sense, this result says that C 1,h (S 1 )>iDiff h (S 1 ) is a version of SX(oo, K). 

We finally state in this introduction another result that explains that our 
character variety contains yet another interesting space. 

Theorem 1.4 Let M. be the space of negatively curved metrics on the surface 
S. There exists a continuous injective map if) from A4 to Rep H . Furthermore, 
ip preserves the length: for any 7 in tti(S) 

Here lg("f) is the length of the closed geodesic for g freely homotopic to 7, and 
lip(g) is the ip(9) -length of 7 . Finally, V-Kffo) = VKfi); if and only if there exists 
a diffeomorphism F of S, homotopic to the identity, such that F*(go) = g\. 
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Both results are consequences of a general conjugation result: Theorem l8.ll 
Wc finish this general introduction by stating a question about our construc- 
tion: can one characterise 

F = |jRep H (7r 1 (S),PSL(n,R)) 

n 

in Rep H ? For instance does F contains M. ? 
Structure of the article 

We now describe shortly the content of this article. 

121 Curves and hyperconvex representations. We recall results of jS] and ex- 
plain how Hitchin representations are related to special curves in projec- 
tives spaces. 

l3l Cross ratio, definitions and first properties. We give the precise definition 
of a cross ratio and of the related quantities (periods and triple ratio). 

m Examples of cross ratio. We explain various constructions of cross ratio: 
the classical cross ratio on the projective line, cross ratio associated to 
curves in projective spaces, dynamical cross ratio and the original con- 
struction of J. -P. Otal for negatively curved metrics. 

151 Hitchin representations and cross ratios. We prove Theorem ll.il 

HO The jet space J 1 (5' 1 ,R). We describe the geometry of this jet space and 
the action of C 1 ^^ 1 ) x Diff* 1 ^ 1 ) on it. 

[3 Homomorphisms of %x{S) in C 1 ' h (S 1 ) x Diff h (S 1 ). We give the pre- 
cise definitions of Anosov and oo-Hitchin representations of vr 1 (S l ) and 
C 1 ' h (S 1 ) XI Diff h (S 1 ), and of the spectrum and cross ratio associated to 
these representations. We prove a refinement of Thcorcm ll.2l 

151 A Conjugation Theorem. We explain Theorem 18.11 which shows how to 
build oo-Hitchin representations of tti(S) in C 1 ' h (S 1 ) x Diff h (S 1 ) 

1^1 Negatively curved metrics. We prove Theorem II .41 

1101 Hitchin component. We prove Theorem II .31 

llll Appendix A: Filtrated Spaces, Holonomy. We prove results about folia- 
tions by affine spaces. 

1121 Appendix B: the symplectic nature of cross ratio. We explain the relation 
of cross ratios are related and symplectic geometry, and give constructions 
of a whole family of cross ratio related to Hitchin representations. 
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2 Curves and hyperconvex representations 

We recall results and definitions from 

2.1 Hyperconvex representations 

2.1.1 Fuchsian representations 

A n-Fuchsian representation of tti(iS') is a representation p which may be written 
as p = l o p , where po is a cocompact representation with values in PSX(2,R) 
and l is the irreducible representation of PSL(2,M.) in PSL(n,M.). 

2.1.2 Hyperconvex curves 

A continuous curve £ with values in P(R") is hyperconvex if, for any distinct 
points (xx, ■ ■ ■ , %n), the following sum is direct 

£(a!l) + ...+£(s»). 

We say a representation p of -k\ (S) is n-hyperconvex, if there exists a p-equivariant 
hyperconvex curve from d oc Tii{S) in P(K"). Actually, such a curve is unique 
and is called the limit curve of the representation. We say a representation is 
Hitchin if may be deformed in a n-Fuchsian representation. 
In [5] we prove the following result. 

Theorem. Let p be a Hitchin representation. Then p is hyperconvex. Each 
such representation is discrete, faithful. Finally, for each 7 in tti(S) different 
from the identity, p(j) is real split with distinct eigenvalues 

We explain later a refinement of this result ( Theorem 12. 2|l . We observe that 
the Veronese embedding is a hyperconvex curve equivariant under all Fuchsian 
representations. Therefore, a Fuchsian representation is indeed hyperconvex. 

According to the previous result, many representations, at least those in 
Hitchin components, are hyperconvex. 

Conversely, completing our work, O. Guichard |2j has shown the following 
result 

Theorem 2.1 [Guichard] Every hyperconvex representation is Hitchin. 

2.2 Prenet curves 

We say a hyperconvex curve £ is a Frenet curve, if there exists a family of maps 
£ 2 j • • ■ : £ Tl_1 ) * called the osculating flag, such that 

• £ p takes values in the Grassmannian of p-planes, 

• Vx, £ p (x) c £ p+1 (x) 
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• if (ni, . . . , ni) are positive integers such that Y^l=i n i — n i ^ • • • > x i) 
are distinct points, then the following sum is direct 

+ (3) 

• finally, for every x, let p = m + . . . + ni, then 

i=i 

lim (©r(Wi))=^(x). (4) 

(l/l, •••)!/!)— * X >J/ia.U diatinct ~ 
i— 1 

We call £ n _i the osculating hyperplane. We observe that for a Frenet hypercon- 
vex curve, completely determines £ p . Moreover, if is C°°, then £ p (x) is 
completely generated by the derivatives at x of up to order p — 1. However, 
in general, a Frenet hyperconvex curve has no reason to be C°° although its 
image is obviously a C 1 -submanifold. 

2.3 Hyperconvex representations and Frenet curves 

We list here several properties of hyperconvex representations proved in [5]. 

Theorem 2.2 Let p be an hyperconvex representation ofni(S) in SL(E), with 
limit curve £. 

1. Then for each 7 in tti(S) different from the identity, p("f) is purely real 
split with distinct eigenvalues. 

2. Furthermore, £ is a hyperconvex Frenet curve. 

3. Let £* be its osculating hyperplane, then £* is hyperconvex. 
4- The osculating flag is Holder. 

5. Finally, if 7+ is the attracting fixed point 0/7 in 9 00 7ri(S l ), then £(7 + ), 
(resp. £*(7 + )J is the unique attracting fixed point 0/^(7) in¥(E) (resp. 
P(£*)J 

3 Cross ratio, definitions and first properties 

3.1 Cross ratio 

Let S be the circle. Let 

S A * = {(x, y, z,t) £ S* 4 x 7^ t, and y 7^ z}. 
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A cross ratio on S is a Holder function b on S 4 * with values in R which satisfies 
the following rules 

b(x,y,z,t) = b(z,t,x,y) (5) 
b{x,y,z,t) ~0^x^yorz = t (6) 
b(x,y,z,t) = b(x,y, z,w)b(x,w, z,t) (7) 
b(x,y,z,t) = b(x,y,w,t)b(w,y,z,t) (8) 

If S = doo'Ki(S), we assume furthermore that b is invariant under the diagonal 
action of tti(S): 

Vjeir 1 (S), b(jx,jy,jz,jt) = b(x,y,z,t) (9) 

Furthermore, we say a cross ratio on S is strict if 

b(x,y,z,t) — 1 x = z or y = t. (10) 

The classical cross ratio on MP 1 is an example of a strict cross ratio. It is a 
well known fact that the classical cross ratio can be characterised as the unique 
cross ratio satisfying an extra functional rule (cf Proposition ETTT)) . We give more 
examples and constructions in Section^ 



Remark: 

The definition given above does not coincide with the usual definition given 
for instance in J^, (even after taking an exponential): indeed, first we require 
b(z,t,X,y) = b(x,y, z,t), (which amounts to time reversibility), more impor- 
tantly we do not require b(x, y, z, t) = b(y, x, t, z). However we may observe that 
ifb(x,y,z,t) is a cross ratio with our definition, so is b*(x,y,z,t) = b(y,x,t, z), 
and finally bb* is a cross ratio according to the classical definitions quoted above. 
We explain Otal's construction and the relation with negatively curved metrics 
in Section \4-3\ 

3.2 Periods 

Let b be a cross ratio b and 7 be a nontrivial element in tti(S). The period 4(7) 
is defined as follows. Let 7+ (resp. 7") the attracting (resp. repelling) fixed 
point of 7 on d oa 'Ki(S). Let y be an element of <9 00 7ri(S'). Let's define 

h(l,y) = log|6(7~,72A7 + >2/)l- (11) 

It is immediate to check that lb(l) = lb(l,y) does not depend on y. Moreover, 
by Equation(El), l b (<y) = l b (^ 1 ). 

3.3 Triple ratios 

We introduce a new feature associated to a cross ratio: for every quadruple of 
pair- wise distinct points (x,y, z,t), one easily checks that the expression 

b(x, y, z, t)b(z, x, y, t)b(y, z, x, t), 
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is independent of the choice of t. We call such a function a triple ratio. Indeed, 
in some cases, it is related to the triple ratios introduced by A. Goncharov in 
[Q. It turns out, although we do not use this remark, that a triple ratio satisfies 
the (multiplicative) cocycle identity and hence defines a bounded cohomology 
class in Hg(T). 



4 Examples of cross ratio 

4.1 Cross ratio on the projective line 

Let E be a vector space with dim(_E) = 2. We recall that the "classical" cross 
ratio is defined on P(-E), identified with K U {oo} using projective coordinates, 

by: 

u {x-y)(z-t) 

b(x,y,z,t) = — ; -. 

(x - t)(z - y) 

It is easy to check that this "classical" cross ratio is a strict cross ratio. The 
"classical" cross ratio on the projective line satisfies the rules 13. li as well as the 
following extra rule : 

l-b(f,v,e,u) = b(u,v,e,f). (12) 

We will later on explain the well known fact that this extra relation completely 
characterises the classical cross ratio. Furthermore, it turns out that this (sim- 
ple) relation is equivalent to the following more sophisticated one, which we may 
generalise to higher dimensions 

Proposition 4.1 For a cross ratio b, Relation is equivalent to, 

{b(f, v, e, u) - l)(b(g, w, e, u) - 1) = (&(/, w, e, u) - l)(b(g, v, e, u) - 1). (13) 

Furthermore, if a cross ratio b satisfies Relation ] there exists an embedding 
f , unique up to left composition to projective transformations, of S in MP 1 , such 
that in projective coordinates, 

h( A (f(x)-f(y))(f(z)~f(t)) 

b[x,y,z,t)- {m _ m{f{z) _ f{y y 

Proof : First, if b satisfies Relation (I12II . then thanks to Relation Q), it satisfies 
l|13|) . Conversely, assume it satisfies l|13f) . then 

b(f,v,e,u) = (KLw,eu)-l)(b(g,v,e,u)-l) +i _ 

b{g,w,e,u) - 1 

Setting g = v, we obtain 

b(f,v,e,u) = r — - + 1 (15) 

b(v, w, e, u) — 1 



b{v, w, e, u) — b(f, w, e, u) 
b(v, w, e, u) — 1 



(16) 
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We have 



b(f,v, k,z) = b h { ,{ lVieiZ \ by ® (17) 
b{k, v, e, z) 



b(f ,v,e,u)\ I b(k, z,e,u 



b(f,z,e,u)J \b(k,v,e,u) 
b(f, v, e, u)b{k, z, e, u) 



by (18) 
(19) 



b(k,v,e,u)b(f,z,e,u) 
Finally, applying Relation Ijl6(l to the four left terms of Equation (|19|l we obtain 

b(f v k z) = W ' 6 ' U ^ - h<y ^ W ' 6 ' u ^( b ( z ' W ' 6 ' U ^ ~ b ( k ' W ' e ' U ^ 
' ' ' (b(v,w,e,u) — b(k,w, e,u))(b(z,w, e,u) — b(f,w,e,u)) 

The final statement follows when we set 



f 5 ^ lU{oo} 
7 - 7(™,e,«) | x _ 5( X;U , ;e;U ) 



Q.E.D. 



4.2 Cross ratios and curves in projective spaces 

We now extend the previous discussion. Let E be an n-dimensional vector space. 
Let £ and £* be two curves from S to ¥(E) and P(£7*) respectively. We assume 
furthermore 

(r(4« = oo Z =^. (20) 

This in particular true for an equivariant hyperconvex curve £ and its osculating 
hyperplane £*. 

For every a;, we choose an arbitrary nonzero vector £(x) (resp. £*(x)) in the 
line £(x) (resp. £*(x)). 

We define the cross ratio associated to this pair of curves by 

Of f* (x, y, z, t) = — . 

<^U*(y))<£(xU*W) 

It is easy to check that 

• this definition does not depend on the choice of £ and £ , 

• o^fr* satisfies the axioms of a formal cross ratio. 

• Let V = £(x) ©£(2). Let 77(771) = £*(m) n V. Let oy be the classical cross 
ratio on P(V), then 
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• It follows that is strict if furthermore, for all quadruple of pairwise 
distinct points (x,y,z,t), 

Ker(C(z)) n (£(x) ® £(y)) ± Ker(C{t)) H {Z(x)®£{y)). 
Finally, we have 

Lemma 4.2 Let (£,£*) and (77,77*) be two pairs of curves satisfying Condition 
12(A ). Assume that £* and r/* are hyperconvex. Assume furthermore that 

b v-V = h-t'- 

Then there exists a linear map A such that £ = Ai]. 

Proof : We assume the hypothesis of the theorem. Let (xo,xi, ■ ■ ■ ,x n ) be a 
tuple of n + 1 pair-wise distinct points of S. We choose a vector zq in £*(x )- 
Let U = (ui, . . . , m„) be the basis of _E* such that 

Ui e C( x i) and (zQ,Ui) = 1. 

The projective coordinates of £(y) in the dual basis are 

... : £ y , Ul : ... = 

(fU/))Ui) 

"" (£(j/)>«l) (20,li»> 

= [••• : &s,s*(y,a;i ) ^o,a;i) :•••]• 

Symmetrically, we choose a vector 7/0 m 7 7*( a: o), and let V = (vx, . . . , v„) be the 
basis of E* such that 

Vi € ri*(xi) and {y ,Vi) = 1. 

It follows that if A is the linear map that send the dual basis of V to the dual 
basis of U, then £ = A77.Q.E.D. 

We state the following Proposition. 

Proposition 4.3 Let p be a a hyperconvex representation ofiTi(S) in SL(n,M), 
with limit curve £. Lett;* be its osculating hyperplane (cf. Theorem \2.2}) . Then 
bp = is a strict cross ratio defined on 9 0O 7Ti(S') and its periods are 

where \ m ax{p{l) and \ m in(p(j) are respectively the eigenvalues of respectively 
maximum and minimum absolute value of the purely loxodromic element p("f) . 
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Proof : We already now that b p is a formal cross ratio. We will prove in 
Proposition 110.51 that b p is strict. We now compute the periods. By Theorem 
12.21 if 7+ is the attracting fixed point of 7 in dooni(S), then £(7 + ), (resp. 
£*(7~)) is the unique attracting (resp. repelling) fixed point of ^(7) in W(E). 
In particular 

ph)id + ) = A max |( 7 + ) 



Therefore, 



Hi) 



log 
log 

log 

log 
log 



Ki iV,i + ii 1 v)\ 
(l(7-),r(y))(l(7 + ),r(7^y)) 



(e(7-),e(7- 1 2/))(e(7+),e(y))' 
(l(7-),r(y))<l(7 + ),p(7)*e(2/)) l 



(C(7-),p(7)*e(2/))(e(7+),e(2/)) 

(l(7-),r(y))<p(7)cV) ) r(2/)} l 



(p(7K(7-),e(2/))(e(7 + ),e(y)) 



Q.E.D. 



Remark: Let p* be the contragredient representation of p defined by 

p*(7) = (p(7- 1 )r- 

Let 6 be a cross ratio. We define b* by b*(x, y, z, t) = b(y, x, t, z). Then (b p )* — 
b* and b p and b* have the same periods. 

4.3 Dynamical cross ratio and other examples 

We recall Otal's construction of cross ratio in the case of negatively curved 
metrics on surfaces [7]. Let S be equipped with a negatively curved metric. We 
lift this metric to the universal cover S of S. Let (oi, 02, a.3, 04) be a quadruple 
of points on doo iti(S) = dooS. Let be the geodesic from a, to a,j. We choose 
nonintersecting horoballs Hi "centred" at each point a*. Let be the length 
of the following geodesic arc 

cyniSMHiUHj)). 

Otal's cross ratio is 

0(01,02, 03, 04) = I12 - I23 + hi ~ hi- 
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Let's make the link with our definition: the cross ratio of a cyclically oriented 
4~uple of distinct points is just the exponential of Otal's cross ratio 

h( n r, r, r, \ J- 1 2 — ^23 + ^34 ~ 

o{ai, a 2 , a 3 , a±) — e 

For noncyclically oriented 4-uple, we introduce a sign compatible with the sign 
of the usual cross ratio. 

With this definition the cross ratio agrees with the cross ratio defined on 
RP 1 in the case of hyperbolic surfaces. 



Remarks: 

1. Actually, this construction can be extended to Anosov flows on unit tan- 
gent bundle of surfaces. Conversely, it is very easy to show in the case of 
surfaces, that a cross ratio comes from a flow. Indeed, given a cross ratio 
6 on dooiti^S) , and any real number t, we define a flow map <fit from 
doc^i{S) 3 * to itself by 

cf) t (x_,x ,x + ) = (x^,x t ,x+), 

where 

b(x +1 x ,x-,x t ) = e*. 
Then, Equation JJJ) exactly says that 1 1— > <j>t is a one parameter group. 

2. The formal rules 13. ll of a cross ratio are easily satisfied 

3. The associated period of an element 7 is the length of the closed orbit in 
the free homotopy class. 

4. the cross ratio of a negatively curved metric satisfies an extra symmetry: 

b(x,y,z,t) = b(y,x,t,z). 

This symmetry is required in Otal's definition but not in ours. We pay 
this generalisation by the fact a cross ratio is not uniquely determined by 
its periods. 

5. Of course it is well known that this construction is yet another instance of 
the " symplectic construction" explained in Sectional Indeed the space of 
geodesies of the universal cover of a negatively curved manifold is equipped 
with a symplectic structure which comes from the symplectic reduction 
of the tangent space. Furthermore, this space is identified with the space 
pair of distinct points of the boundary at infinity. Hence, it inherits a real 
polarisation and one checks that the cross ratio defined as in Section IT21 
coincides with the dynamical one. 

For a complete description of various aspects of dynamical cross ratios, one 
is advised to read Francois Ledrappier's presentation [Hj. 
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5 Hitchin representations and cross ratios 

We aim to generalise Proposition 14 . 1 1 in higher dimensions. 

Let 6 be a cross ratio on a set S. We now introduce more sophisticated 
functions. Let e = {eo, e± . . . e„} be n + 1 points on S, and u — {uq, Ui, . . . , u n } 
n + 1 other points. Assume that, 

Let B(e;u) be the n x n-matrix whose coefficients are 

bij = 6(ej, Uj, eo, wo) with 1 < i < n, 1 < j • < n. 

We set 

Xb(e;u) = det(B(e;u)). 
When the context makes it obvious, we omit the subscript 6. We now prove. 

Theorem 5.1 Let £ and &e two hyperconvex curves from S 1 to P(E) and 
F(E*) such that 

x = y^ (Z*(x),£(y)) = 0. 

Let b — b^ t £* be the associated cross ratio. Then, for all pairs of p-uples 
(e , ex,..., e p ), (u , ui, . . . , u p ) with 

j > i > => ej ^ a ^ u a ,Uj ^ Ui ^ eo, 

we have , 

1. ifp < n, xl(e,u) ^ 0, 

2. ifp > n, xl(e,u) = 0. 

Conversely, let b be a continuous strict cross ratio on S . Assume that the cross 
ratio satisfies the above two conditions, then there exist two hyperconvex curves 
£ and £* with values in ¥(E) and F(E*) respectively, unique up to projective 
transformations, such that b = o^j* and x — y O (£*(^),£(y)} = 0. 

The proof of the Theorem is given in Paragraph l5.il 



Remarks: 



• We shall very soon prove that for all cross ratios, the nullity of x p (e,u) 
for a given e and u does not depend on eo and uq, 

• It is interesting to see what happens when n = 2. In this case, using the 
previous remark, let's take uq — u\ — u, eo = e± = e. Then 



X 2 (e,e, f;u,u,v) 



1 



L b(f,v,e,u) 
b(f,v,e,u)- 1^0 
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Also, 

X 3 (e,e,f,g;u,u,v,w) 
11 1 
1 b(f,v,e,u) b(g,v,e,u) 
1 b(f,w,e,u) b(g,w,e,u) 

1 

1 b(f, v, e, u) - 1 b(g, v, e, u) - 1 
1 b(f,w,e,u)-l b(g,w,e,u)-l 

= (&(/> v, e, u) - l)(b(g, w, e, u) - 1) - (&(/, w, e, u) - l)(6(fif, v, e, u) - 1). 
Therefore, the condition that £ p = extends Equation |JT3J|. 

5.1 The expression x 

We first prove the following result of independent interest. 
Proposition 5.2 The nullity o/x™(e, w) does not depend on bq and uo. 
Proof : From the formal rules of computation of cross ratios, we have 
&(ei,Uj,eo,itci)&(ei,itci,eo,t>o) = b(ei,Uj,e ,v ) = b(ei,Uj, fo,v )b(f ,Uj,eo,v ) 
Therefore 



x(e ,ei, . . . ,e n ;uo,ui, 
b(fo,Uj,e ,v 



n 



6(ei,w ,eo,Mo) 



)x(/o,ei, ...,e n ;v ,ui, ...,it„). 



Since we have assumed 

fo ^vq^ e n u j T^eo^ fo, 
The proposition immediately follows. Q.e.d. 

5.2 Proof of Theorem 15.11 

5.2.1 Cross ratio associated to curves 

Let £ and £* be two hyperconvex curves with values in F(E) and P(E*) such 
that 

x = yt> (£*(x),£(y)) =0. 

Let eo and uq be two distinct points of S . Let Eq be a nonzero vector in £(eo) 
. Let f/o be a covector in £*(wo) such that (Uq,E ) = 1. We now lift the curves 
£ and £* with values in ¥(E) and F(E*) to continuous curves £ and £* from 
S 1 \ {e Q ,u } to E and £"*, such that 



(C(v),E ) = l = (U ,ae))- 
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Then the associated cross ratio is 

b(f,v,e ,u ) = (i*(v),i(f)) 

From this expression it follows that x n = and that by hyperconvexity 
X n + 0. 

5.2.2 Curves associated to cross ratios 

We now suppose that we have a strict cross ratio b such that Xb +1 = 0- Assume 
also that for every pair e = (eo, ex, ... , e n ), u — (uq, u%, . . . , u n ) of n-uples 
satisfying 

j > i > =>• ej ^ ei ^ u , Uj ^ u { ^ e , 

we have 

We denote by [...:.. .] the projective coordinates on P(M"). Let (e,u) be as 
above. We define two maps 

f SH^o.eo} P(M") 

1 / !-> (6(/,Wi,eo,uo) : . • • : b(f,u n ,e ,u )) 

\ u i-> (6(ei,w,eo,wo) : • ■ • : &(e„,w,e ,Mo)) 

We now prove that 6 = By Lemma [4.21 this will show that the curves 

£ and £* are unique up to projective transformations, and in particular do not 
depend on the choice of e and u. 
By our construction, 

X? e4 .(e,tt) = x?(e,tt). 
Moreover, for every / and i> 

b(f,Ui,eo,u ) = b it t*(f,Ui,eo,u ), 

b(ei,v,e ,u ) = b iti * (ei, v, e , u ). (21) 

We now choose e n = /, u n = v. Developping the determinant x™ +1 (e,u) 
along the last line, the equation x" +1 ( e ; u) — leads to 

b(f, v, e , v )xb (e, u) = F(. . . , &(/, it i; e , u )> . . • , 6(e<, u, e , u ),.. .) 

where the right hand term is a polynomial in b(f, itj, eo, ito) an d &(ej, Vi, eo, Uo)- 
For the same reason we have 

(/, v, eo, wo)Xb (e, «) = - • (/, "i, e , «o), • • • , (e», v, e , u ), . . .). 
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Therefore, using Equations l|21|) . 121|) and (|21|l we obtain 

e , u )x™ (e, u) = F(. . . , 6 ?e (/, u u e , u ), (e h v, e , u ), . . .), 

It follows that b(f,v,eo,uo) = b^^*(f,v,eo,Uo). Applying Relation (J7J twice, 
we easily obtain that b = Finally since £ n (e,it) 7^ 0, £ is hyperconvex as 

well as £*. 

6 The jet space J 1 (S' 1 ,IR) 

In this preliminary section, we aim to explain the geometry of J = J 1 (S 1 1 R),thc 
space of one-jet of functions on S 1 , and how the group C 1 ' /l (S' 1 ) X Diff h (S 1 ) 
acts on J. We then explain that this geometric description characterises J. 
Finally, we describe a homomorphism of PSX(2,R) in C 1 ^^ 1 ) X Diff'iS 1 ), 
whose image acts faithfully and transitively on J. 

6.1 Description of the jet space 

We describe in this section the geometric features of J that we shall use later 
on, namely: 

• projections on S 1 , T*^ 1 and S 1 x R, 

• the action of C l h (S r ) xi Dif^iS 1 ) on J, 

• a foliation of J by affine leaves, 

• a flow, 

• a contact form. 
6.1.1 Projections 

Let J = J 1 (S' 1 ,R) be the space of one-jet of functions on S . We denote by 
jx(f) the one-jet of the function / at the point x. We define the projections 





r J - 


-> s 1 




1 m - 


-> X 




r J - 


■* S 1 xM 




L £(/) - 


- (*,/(*)) 




r J - 




7i"2 : j 


1 m - 





We observe that each fibre of ir carries an affine structure. 
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6.1.2 Action of C^^S* 1 ) x Diff 11 ^ 1 ) 

We denote by Diff h (S 1 ) the group of C 1 -diffcomorphisms of S 1 with Holder 
derivatives. Let C 1 ' h (S 1 ) the space of C 1 -functions on S 1 with Holder deriva- 
tives. The group C 1 '' l (S' 1 ) x Diff h (S 1 ) acts naturally on J by Holder homeo- 
morphisms in the following fashion: for every C^-diffcomorphism (f> of S 1 , for 
every function h in C 1 (S' 1 ), we define the homeomorphism of J 

F = {h,cj>) ■■ J 9 1 (/)^4)((H/)of 1 ). 

Alternatively, if we choose a coordinate 9 on S 1 and consider the identification 

I 3lU) - {6,r,f) = {e,%,f{6)), 

then 

F=(M) = (V,r,f)^(4>(v),% (v)(^ (v) + r), / + %))■ (22) 
The homeomorphism F has the following properties 

• F preserves the fibres of7r:7roF = (/>o7r. 

• For every x in S 1 , F restricted to 7r~ 1 (a;) is affine, in particular C°°, and 
the derivatives of F\ v -i^ x ) vary continuously on J. 

6.1.3 Foliation 

Let T be the 1-dimensional foliation of J given by the fibres of 7Ti. We ob- 
serve that the fibre through z is identified with T*S X for a; = n(z). This fibre 
also carries an affine structure invariant by the action of C 1 '' l (S' 1 ) x Diff h (S 1 ) 
described above. 

6.1.4 Canonical flow 

We define the canonical flow of J to be the flow 

<h (/(/)) =j\f + t), 

where we identify the real number t with the constant function that takes value 
t. The canonical flow commutes with the action of C 1 ' h (S 1 ) x Diff h (S 1 ) on J. 
Notice also that 

J/4>t=T*S\ 

and this identification turns ir 2 in a principal M-bundlc. 
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6.1.5 Contact form 

We finally recall that J admits a contact form [3. If we choose a coordinate 9 
on S 1 and consider the identification 

I m - (W) = (*,§£,/(*)) 

then 

P = df- rd9. 

Note that a legendrian curve for /3 which is locally a graph above S 1 is the graph 
of one-jet of a function. Moreover, the canonical flow <j) t preserves (3. Finally, 
we observe that [3 is a connection form for the M-principal bundle defined by 
7r 2 , whose curvature form is the canonical symplectic form of T*S 1 . We prove. 

Proposition 6.1 Let a be a connection one-form on J. Assume that the cur- 
vature of a is the canonical symplectic form on T* S 1 . Then there exists a 
diffeomorphism £ of J which 

• commutes with the action of the canonical flow, 

• preserves the fibres of tt and ir 2 , 

• is above a symplectic diffeomorphism of T* S 1 , 

• satisfies £* [3 = a. 

PROOF : We choose a coordinate 6 of S 1 . Thus, T*^ 1 is identified with S 1 x R. 
Since a is a connection form there exists functions a r and ag such that 

a = df + a r (r, 0)dr + a g (r, 6)d6. 

Let 

7 = a — (3 — a r (r, 9)dr + (ae(r, 9) — r)d9. 

Since the curvature of a is d9 A dr, 7 is closed. Therefore, there exist a function 
h and a constant A such that 

7 = dh + \d9. 

Let fi\ be the symplectic diffeomeorphism of T*^ 1 such that 

» x (9,r,f) = (6,r-\,f). 
It is a straightforward check that 

£ = Ma 0, id), 
satisfies the condition of our proposition. Q.e.d. 
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6.2 A Geometric Characterisation of C 00 ^ 1 ) x Diff co {S 1 ) 

The following proposition suggests that J 7 , (3 and <p t characterise the action of 
C^iS 1 ) x Diff^S 1 ), or at least the smooth diffeomorphisms in C 1 ' /t (5 1 ) X 
DiffHS 1 )- 

Proposition 6.2 Let ip be a C°° -diffeomorphism of J. Assume that 

1. ip commutes with <pt, 

2. ip preserves (3, 

3. ip preserves T , 

then ip = {f,<t>) e C^iS 1 ) x Diff'^S 1 ), where f and cp are C°° . 

In Corollary IO we characterise C 1 ' 11 ^ 1 ) X Diff'^S 1 ). 

Proof : We us the notations and assumptions of the Proposition. By 
(1) and (3), we obtain that ip preserves the fibres of n. Thus, there exists a 
C°°-diffeomorphism cp of T*S 1 such that 

7T O Ip — <p O 7T. 

Replacing ip by ip o (0, we may as well assume that <p — id. By (1), ip also 

preserves the fibres of 7r 2 . 

We choose coordinate in S 1 and from now on, we use the identification 
J = S 1 xlxl given in Paragraph 16. 1.51 The previous discussion shows that 

iP(8,rJ) = (0,F(8,r),H(9,r,f)). 

Since ip*(3 = (3, we obtain that 

dH - Fd8 = df - rdO. 

Hence 

dH _ dH _ dH 

~df ~ ' ~d¥ ~ r ' ~dr~ 
Therefore, there exists a function g such that H — f + g(9). It follows that 

TP(0,r,f) = (6,r+^J + g(8)). 
This exactly means that 

ip(e,r,f) = (g,id).j 1 (f). 

Q.E.D. 
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6.3 PSL(2,R) and C 00 ^ 1 ) x Diff^^S 1 ) 



We consider the 3-manifold J = PSL(2,M). It has a biinvariant Lorentz metric 
g coming from the Killing form. We introduce the following objects. 

• Let <j) t be the one-parameter group of diagonal matrices acting on the right 
on M. 

• Let X be the vector field generating <j> t , 

• Let T the foliation by the right action of the one-parameter group of upper 
triangular matrices B, 

• Let (3 = ix9- 
Then 

Proposition 6.3 The one-form (3 is a contact form. Furthermore, there exists 
a C°° -diffeomorphism ^ from J to J, that sends (</>t,.F, /3) to [4>t,J-,[3) respec- 
tively. Moreover, the diffeomorphism ^ is unique up to left composition by a 
C°°-diffeormorphism element ofC^iS 1 ) x Diff h {S 1 ). 

As an immediate application, we have 

Definition 6.4 By Provositions \b\/l\ and \b\'J\ and since PSL(2,M) preserves cj) t , 
T and (3, we have a group homomorphism 



well defined up to conjugation by a C°° -diffeormorphism element of C ' (S 1 ) X 
Diff h (S 1 ). The corresponding representation is called standard. 

Proof : It is immediate to check that 



is a f principal bundle, whose connexion form is (3 and whose curvature is 
symplectic. It follows that [3 is a contact form. 
Let 7T be the projection 



We observe that W is diffeomorphic to the annulus S 1 x R = T*S 1 in such 
a way W coincides with the projection ir on the first factor. We may actually 
choose this diffeomorphism to be symplectic, still sending the fibres of W to 
the fibres of ir. 

Let now £ be the symplectic diffeomorphism of T*^ 1 obtained by Proposition 
16.11 applied to a = {ip^ 1 )* (3. It follows W = £ o tp has all the properties 




V) C^iS 1 ) x Diff^iS 1 ) 



PSL(2,R) -> PSL{2,R)/(j) t = W, 



W — > MP 1 = PSL{2,R)/B. 
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required. Finally, by Proposition 16.21 ^> is well defined up to multiplication 

with an element of C 00 ^ 1 ) » Diff 00 ^ 1 ). 

Since the right action of PSL(2,M) preserves T, f3, and (f> t , we obtain a 
representation of PSL(2,M) well defined up to conjugation 



Remark : The action of PSL(2,R) on MP 1 gives rise to an embedding of 
PSL(2, K) in Diff°°(S 1 ). The above standard representation is a nontrivial ex- 
tension of this representation. Indeed, the natural lift of the action oiDiff°°(S l ) 
on T*S 1 does not act transitively since it preserves the zero section. On the 
contrary, PSL(2,M.) does act transitively through the standard representation. 



7 Homomorphisms of tti(5) in C^ h {S l )^Diff h {S l ) 



Our aim in this section is to describe a "good" set of homomorphisms of tti(5) 
in C 1 ' h (S 1 ) x Diff h (S 1 ). For a semi-simple Lie group G, a "good" set of homo- 
morphisms of tti(S) in G is the set of reductive homomorphisms {i.e. such that 
the Zariski closure of the image is reductive) it satisfies the following properties 

• it is open in the set of all homomorphisms, 

• G acts properly on it. 

. As a consequence, the set of "good" representations, that is the set of "good" 
homomorphisms up to conjugacy, is a Haussdorff space. 

We define "good" (actually oo-Hitchin) homomorphisms in Paragraph l7.0.2l 
and show in Theorem 17.61 that they satisfy analogous properties to those of 
reductive homomorphisms in semi-simple Lie groups that we just described. 
We also show that to a oo-Hitchin representation is associated a cross ratio. In 
Theorem 17. 161 we finally explain how two representations with the same cross 
ratio are related. 

7.0.1 Fuchsian and _ff-Fuchsian homomorphims 

Definition 7.1 [Fuchsian homomorphism] Let p be a Fuchsian homomor- 
phism ofni(S) in PSL(2,M). We say that the composition of p by the standard 
representation i (ci Definition \0.4f l is oo-Fuchsian 7 or in short Fuchsian when 
there is no ambiguity. 

Definition 7.2 [if-FuCHSiAN action on S 1 } We say an action ofiri(S) on S 1 
is H- Fuchsian if it is an action by C 1 -diffeomorphisms with Holder derivatives, 
Holder conjugate to the action of a cocompact group of PSL(2,R) on RP 1 . 




1) -> C^iS 1 ) x Diff^iS 1 ) 
g 1 ► vj/ogov]/- 1 



Q.E.D. 
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7.0.2 Anosov and oo-Hitchin representations 

We begin with a general definition. 

Definition 7.3 For a foliation T on a compact space, we denote by djr a Rie- 
mannian distance along the leaves of T which comes from a leafwise continuous 
metric. In particular, 



We say a flow 4>t contracts uniformly the leaves of a foliation T , if (f>t preseves 
T and if moreover 

Ve > 0, 3a > 0, 3t : t > t , dr(x,y) < a =^ d^(4> t (x),(j) t (y)) < e 

This definition does not depend on the choice of dp. 

We now use the notations of Section IH7T1 

Definition 7.4 [Anosov homomorphims] A homomorphism p of iri(S) in 
C^iS 1 ) x Diff h {S 1 ) is Anosov if: 

• p(iri(S)) acts with a compact quotient on J — J 1 (S' 1 ,IR), 

• The flow induced by the canonical flow 4>t on J / p(jri(S)) contracts uni- 
formly the leaves of J- (cf. definition above) 

• The induced action on S 1 is H-Fuchsian. 

We denote the space of Anosov homomorphims by Horn*. 



Remarks: 

f. If p is Anosov, one should observe that in general p(ttx(S)) only acts by 
homeomorphisms on J. However, if we consider J as a C°°-filtrated space 
(See the definitions in the Appendix llf .![) . whose nested foliated structures 
are given by the fibres of the two projections 1T2 and 7r, then p(jri(S)) acts 
by C°°daniinated maps (i.e smoothly along the leaves with continuous 
derivatives). Therefore, J/ p(ni(S)) has the structure of a C°°damination 
such that the flow induced by (f> t is C°°deafwise. 

2. oo-Fuchsian representations of tti(S) in C 1 ' ft, (5' 1 ) x Diff h (S 1 ) provide our 
first examples of elements of Anosov homomorphisms. 



Definition 7.5 [oo-Hitchin homomorphims] LefHom H be the connected com- 
ponent of Horn* containing the Fuchsian homomorphisms. Elements of Homjj 
are called oo-Hitchin homomorphisms. 



dj^{x,y) < 00 iff x and y are in the same leaf. 
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The group C 1 ' ?l (5' 1 ) x Diff h (S 1 ) acts by conjugation on Honin. The canon- 
ical flow (j} t is in the center of C 1, ' l (5' 1 ) x Diff h (S 1 ) and hence acts trivially on 
Hom H . It follows that C 1 - /l (5 1 ) x Diff h (S l )/<l>t acts on Hom H . 

The main result of this section is the following: 

Theorem 7.6 The set Honin is open in the space of all homomorphisms. Fur- 
thermore, the action of C 1 ' h (S 1 ) x Diff h (S 1 )/<f)t by conjugation on Homn is 
proper and the quotient is Haussdorff 

We prove later on a refinement (Theorem 17.16( 1 of the second part of this 
result. We shall denote by Rep H the quotient Hom H /C 1 ' h (S 1 ) x Diff h (S 1 ) where 
the right action is by conjugation. 

The proof of the Theorem falls into two parts. We first show that Homn is 
open. Then, we prove that C 1:h (S 1 ) xDiff h (S 1 ) acts properly with a Haussdorff 
quotient. In this proofs, we use the definitions and propositions obtained in the 
Appendix A iJUJ. Accordingly, from now on, we shall consider J as a C°°- 
filtrated space, whose nested foliated structures are given by the fibres of the 
two projections ~ki and ir. 

7.1 Openness of Horn* and a Stability Lemma 

Let p be a representation in C 1 ' (S 1 ) x Diff h (S 1 ) . We denote by p the associated 
representation in Diff h (S 1 ). 

The following Stability Lemma implies immediately the openness of Horn* . 
Moreover, using corollaries of this Lemma, we associate to every oo-Hitchin 
representation a cross ratio and a spectrum in Paragraph l7. 1 .31 and 17. 1 .41 

Lemma 7.7 Let po be an Anosov representation. Then for p close enough to 
po, there exists a Holder homeomorphism $ of J close to the identity which is 
a C°° -filtrated immersion as well as its inverse such that 

V7 e it! (S), po(7) = p(i) 

7.1.1 Minimal action on the circle 

We prove the following preliminary Lemma which is independent of the rest of 
the article. 

Lemma 7.8 Let T be a group acting on S 1 by homeomorphisms. Suppose that 
every orbit of the action on S 1 x S 1 is dense. Suppose that every element of T 
different from the identity has exactly two fixed points, one attractive the other 
repulsive. Let p be a representation ofT in the group Homeo(S 1 ) of homeomor- 
phisms of S 1 . Let f be a continuous map of degree different from zero, from S 1 
to S 1 such that 

V7er,/o 7 = p( 7 )o/. 

Then f is a homeomorphism. 
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Proof : Since / has nonzero degree, it is surjective. 

We now prove / is injective. Let a and b two points of S 1 such that a =f= b 
and /(a) = f(b) = c. Let / and J be the connected components of S 1 \ {a, b}. 

Since / has a nonzero degree, either S 1 \ {c} C /(I) or S 1 \ {c} C /(/). 
Assume S 1 \ {c} C /(/). By the density of orbits on S 1 x S 1 , we can find an 
element 7 in T such that 7+ G / and 7" 6 J. 

We observe that for all n, f(j n (I)) = S 1 \ {p(7™)(c)}. It follows we can find 
e > 0, and two sequences {a;„}„ 6 N, {^njneN such that 

. x n G 7™ (/), y„ G 7"U), 

• d(f(x n ), f(y n )) > e. 

The contradiction follows since 

lim d(x n ,y n ) = 0. 

n— *oo 

Q.E.D. 

7.1.2 Proof of Lemma ITY! 

Proof : Let po be an an clement of Homn- 

Po-.Tr^^C^iS 1 ) x Diff^S 1 ). 

By assumption, P = po(m(S))\J is compact. The topological space P is a 
C°-manifold which is C°° -laminated by the fibres of the projection ir : J — > S 1 
and 7T 2 : J -» T*^ 1 , since C* 1 ^(S" 1 ) X Dijj h {S 1 ) acts as C*°°-laminated maps on 
J. The covering J — > P is a Galois covering. 

Let now p be a representation of 7Ti(5) close enough to po- Let L = 
po(ni(S)). According to Theorem 111.61 we obtain a po p^-equi variant C°°- 
laminated immersion (f> from J to J, arbitrarily close to the identity on compact 
sets. It remains to show that $ is a homeomorphism. 

Since $ is a laminated map, we obtain a Holder map / close to the identity 
from S* 1 to S 1 such that 

7T O $ = / O 7T, 

and 

V7 g r,/op ( 7 )) = p( 7 ) / 

We recall that po is Anosov, therefore p is a 77-Fuchsian representation, and 
satisfies the hypothesis of Lemma 17.81 By this Lemma, and since / being close 
to the identity is not of degree 0, we obtain that / is a homeomorphism. Thus, 
pT is also i7-Fuchsian. 

This laminated equivariant immersion $ induces an affine structure on the 
leaves of of P, according to the definition of Paragraph lll.il By compactness 
of P, we deduce there exists an action of a one-parameter group tpt such that, 
on J 

$0^ = ^,0$, 
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where <fit is the canonical flow. We observe that ipt preserves any given leaf and 
acts as a one-parameter group of translation on it. 

Recall that the canonical flow contracts uniformly the leaves of T for on 
J I pq(tti(S)). It follows the same holds for ij) t , for $ close enough to the identity. 

By Lemma (|11.7|) . we obtain that the affine structure induced by <t> is leaf- 
wise complete. In particular, for every x in S 1 , <3? is an affine bijection from 
7r _1 {a;} to ir~ 1 {f(x)}. Since / is a homeomorphism, we deduce that $ itself is 
a homeomorphism, its inverse being also a filtrated immersion. 

This concludes the proof. Q.e.d. 

We have the following immediate Corollary, 

Corollary 7.9 Let po and p\ be two elements o/Hoihh- Then there exists a 
Holder homeomorphism (f> of J which is a filtrated immersion as well as its 
inverse such that 

V7 e m(S), po (7) = (fr 1 o Pl (-f) o 0. 

Recall that C l h (S r ) X Dif^iS 1 ) acts on T*S X = J/<j> t . We finally prove 

Proposition 7.10 Let p be an element in Homn- Then there exists a unique 
p(TTi(S))-equivariant Holder homeomorphism Q p from T* S 1 to 

dooMSf* = dooTT^Sf \ {(X,X)/X € dooTT^S)} 

such that 

3/ : S 1 -> dooir^S),®^^ 1 ) C {f(x)} X flooTTlOS). 

Proof : By Corollary 17.91 it suffices to show this result for the action of 
a cocompact subgroup of PSL(2,M.). In this case the statement is obvious. 

Q.E.D. 

7.1.3 Cross ratio associated to elements of Homn 

We show that we can asociate a cross ratio to every element p of Homn- 

Let (a, b, c) be a triple of distinct elements of 9 00 7ri(S'). We define [b, c] a to 
be the closure of the connected component of 9 00 7Ti(S') \ {b, c} not containing 
a. Let q — {x,y,z,t) be a quadruple of elements of 3 00 7ri(iS'), we define q to be 
following closed curve, embedded in d 00 TTi(S) 2 * , 

q= {{x} U [y, t] x ) U {[x, z] t U {t}) U ({z} U [y, t] z ) U ([x, z] y U {y}). 

We choose the orientation on q such that (x, y), (x, t), (z, t), (z, y) are cyclically 
oriented. We define e q G { — 1, 1} to be the sign of the classical cross ratio of q 

on OocTTiiS). 

Let Q p be the map from T*S X to 9 00 7ri(S') 2 * as defined in Proposition l7.10l 
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Definition 7.11 [Associated cross ratio] We define the associated cross 
ratio to p by 

b p (x,y,z,t) = e g exp(- / rdO). 

ZJ e>? 1 (q) 



Remark: We observe that the cross ratio just depends of the action of tti(S) 
on T*S 1 . Here is another formulation of this observation. Let ^(S 1 ) be the 
space of Holder one-form on S 1 . Note that ^(S 1 ) x Diff h (S 1 ) naturally acts 
on T*S 1 . We also have a natural homorphism 

/ C 1 ' h (5 1 ) x Diff'iS 1 ) -> n fc (S x ) x Diff h {S 1 ) 

whose kernel is the canonical flow. Then two representations p\ and P2 such 
that dpi = dp2 have the same associated cross ratio. In other words, the cross 
ratio only depends on the representation as with values in xi Diff h {S 1 ) 1 

7.1.4 Spectrum 

Definition 7.12 [/j-length] Let p be a representation in Homjj- Let 7 be an 

element in m(S), the p-length 0/7, ^(7) is the positive number t such that 

3u e J, 4> t (u) = p{i)u. 

We observe that the existence and uniqueness of such a number t is follows by 
Corollary (|7.9|l and the description of standard representations. 

In other words, ^(7) is the length of the periodic orbit of <j>t in J 7 ' p(ir\{S)) 
freely homotopic to 7. It is clear that ^(7) just depends on the conjugacy class 
of 7. 

Definition 7.13 [Spectrum] The marked spectrum of p is the map 

We say a representation is symmetric iflpi^f) = / p (7 _1 ). 

7.1.5 Compatible representations and Ghys deformations 

Definition 7.14 [Compatible representation] We say an element p is com- 
patible if its marked spectrum coincides with the periods of the associated cross 
ratio. 

We observe that every compatible representation is symmetric. Conversely, we 
prove in Proposition 18. 91 that if Z& is the period of the cross ratio associated to 
the representation p, then 

K(7) = l(l P (7)+l P (j- 1 ))- 
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Consequently, every symmetric representation is compatible. 
We shall later obtain lot's of compatible representations. 

Definition 7.15 [Ghys deformation] If p is a compatible representation, if 
u) is a small enough nontrivial element in i? 1 (r,R), then p u defined by 

p"( 1 ) = e"^.p( 1 ). 

is an element o/Homn. We call such a representation a Ghys deformation 
of P- 

We observe that and p have the same associated cross ratio since they have 
the same action on T*S X . However 

V(7) = Jp(7)+w(7)- 

It follows that two representations can have the same cross ratio but different 
marked spectrum. 

7.2 Action of C 1 ' h (5 1 ) x Diff h (S v ) on Hom H 

We prove in this section that C 1 ' h (S 1 ) x Diff h {S 1 )/(j)t acts properly on Homn 
and more precisely 

Theorem 7.16 The group C 1 ' h (S 1 ) x Diff h (S 1 )/ct)t acts properly on Hom H 
with a Haussdorf quotient. 

Moreover, if two representations po and p\ elements o/HoniH have the same 
associated cross ratio, then there exists u> G H 1 (ni(S)) such that po and pf are 
conjugated by some element in C 1 ' h (S 1 ) x Diff h (S 1 ). 

Consequently two representations with the same cross ratio and the same 
spectrum are conjugated in C 1 ' h (S 1 ) x Diff h (S 1 ). 

Remark: We shall see later that two representations with the same spectrum 
are not necessarily conjugated 

7.2.1 A preliminary lemma 

Let ^(S 1 ) be the space of Holder one- form on S 1 . We observe first that 
^(S 1 ) x Diff h (S 1 ) acts naturally on T*S X and preserves the area. 

Lemma 7.17 Let G be an area preserving homeomorphism o/T*^ 1 . Assume 
there exists a homeomorphism f such that 

GiTxS 1 ) c Tf( x )S . 

Then G belongs to ^(S 1 ) x Diff 11 ^ 1 ). 
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Proof : We use the coordinates (r,0) on T*S 1 . By hypothesis, 

G(r,9) = (g(r,9)J(9)). 
Since G preserves the area, we obtain 

(ro-nWa-Oi) = (/ dr)dO (23) 



f(0 o ) Jg(r o ,0) 

(9(r ,6)-g(r u e))d0 (24) 

Wo) 

Hence g(r,9) is afhne in r: 

where u>(9) and p are Holder. Since G is a homeomorphism, we observe that 
for all 9, [3(9) / 0. By EquationEl we obtain that 

f-\0 ) - f- l {9) = f 1 f3(8)d0. 

J d 

It follows that f~ l is in C 1 ' (S 1 ) with df^ 1 — (5. Since (3 never vanishes, / is 
actually is a diffeomorphism, and G belongs to ^(S 1 ) x Diff h (S 1 ). Q.e.d. 

7.2.2 Conjugation in fl'^S 1 ) x Diff h (S 1 ) 

Let p and pi be two representations of tti(S) in C 1 ' h (S 1 ) x Diff h (S 1 ) with 
same associated cross ratio. 

Let f2 /l (S' 1 ) be the space of Holder one-form on S 1 . We recall that ^(S 1 ) x 
Dif^iS 1 ) acts naturally on T*S X and that C* 1 '' 1 ^ 1 ) x Diff h (S 1 ) naturally 
maps to Q^S 1 ) x Diff h {S 1 ). We first prove 

Proposition 7.18 Let pg and p\ be two representations of tti(S) in ^(S 1 ) x 
Diff'^iS 1 ) with same associated cross ratio. Then there exists a unique element 
G = G P0 ' Pl in fi^S 1 ) x Dif^iS 1 ) such that 

V 7 € m(S),Vy G T*S\ G( Po (7)(y)) = Pi(l)(G(y)). 

Moreover, for any representation p, for any neighbourhood V of the identity 
in ^(S 1 ) x Diff h {S 1 ), there exists a neighbourhood U of p, such that if two 
representations p\ and po in U have the same cross ratio, then 

qpo,pi g y 

Proof : Applying Proposition 17 . 1 1)1 twice . we obtain a unique Holder homeo- 
morphism G of T*S 1 and a homeomorphim / of S 1 such that 

V7G7ri(S), Gop (j) = p 1 (-f)oG, 
G(T X S ) c Tf( x )S . 

If po and pi have the same associated cross ratio, then G preserves the area. 
By Lemma I7T71 G belongs to fi /l (5 1 ) x Diff h {S l ). This concludes the proof of 
the first part of the Proposition. The second part follows from Lemma 17.71 
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7.2.3 Second step : from fi^S 1 ) x Diff h (S v ) to C 1 ^ 1 ) x Diff h (S r ) 
We prove the following Lemma 

Lemma 7.19 Let <fi : 7 — > </> 7 6e a representation of tt\(S) in Diff h (S 1 ) with 
nonzero Euler class. Let a a a continuous one-form. Let 

f Tn(S) - C 1 ^ 1 ) 

Assume that 

4>* 1 {fr ] ) + f 1 = /rrp 

</>* (a) - a = rf/ 7 . 

T/ien a is ermci. 
Proof : Let 




We write S 1 = R/Z. We lift all our data to R, and use w to describe a lift of u. 
In particular, we have 

4>"tv( x ) = <t>i <t>v( x ) + c (7, V) G z , 

where 

cGff 2 (7ri(S),Z), 

is a representative of the Euler class of the representation 4>. We now write 
a = dh. We observe that 

Vm e Z, h(x + m) = h(x) + ran. 

Let 

»7:7ri(S)-fR, 

be the function such that 

^;(/ l )-/i = / 7 + ? ? (7)- 

We obtain 

0(7, 77) k = ho § rq — h o <fi 7 o ^ 

= - h) - (#$(/o - ^(/t)) - - h) 

+ vhv) - nil) - v(v), 
= vhv) - nil) - »?(»?)■ 

But, since the Euler class is nonzero in cohomology by hypothesis, we obtain 
that k = 0, hence a is exact. Q.e.d. 
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7.2.4 Proof of Theorem I77TH1 



We first prove that if two representations have the same cross ratio then, after 
a Ghys deformation, they are conjugate by an element of C 1 ' h (S 1 ) x Diff h (S 1 ). 
Let p an d Pi be two elements of Hom H with the same cross ratio. Write 

P^{l) = {f ^ ,A ^ {l))■ 

By Proposition 17.181 we know that, as representations in Sl h (S' 1 ) xi Diff h {S 1 ) 
they are conjugated in ^(S 1 ) X Diff h {S 1 ), by some element G = (a, F), where 
F e Diff^S 1 ). 

In particular, after conjugating by (0,F) e C 1,h (S ) x Diff h (S 1 ), we may 
assume that 

<f>° = §\ := 7 . 

Since pt is a representation 

+/y = /in- 

By Proposition 17. 181 there exists a £ fi^S 1 ) such that 

- a = - d/o. 

Applying Lemma 17.191 to 

we obtain that a = dg. 

Conjugating by (g,Id), we may now as well assume that a = 0. It follows 
that there exists 

w:7ri(S)->R, 

such that 

This exactly means that po = pf . 

This proves that two representations with the same cross ratio are conjugated 
after a Ghys deformation. Consequently two representations with the same cross 
ratio and spectrum are conjugated. 

Finally, the proof of properness goes as follows. Suppose that we have a 
sequence of representation {p n } n en converging to po, a sequence of elements 
{VvJneN in C a,,l (5 1 ) x Diff h (S 1 ) such that o p n o ?/>„}„eN converges to 

pi. Let d be the homomorphism C^iS 1 ) x Diff h (S l ) -» £l h {S l ) x Diff h {S l ). 
We aim to prove that {efa/VilrieN converges. 

Since p n and 1 °Pn°4'n have the same spectrum and cross ratio, it follows 
that pi and p have the same spectrum and cross ratio. From the first part of 
the proof it follows that there exists F such that 

po = F^ 1 o pi o F. 

We may therefore as well assume that po = pi. 

From Proposition 17. 181 {d(V>n)}neN converges to the identity. Q.E.D. 
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8 A Conjugation Theorem 

We will work in the following setting. 

1. Let k be a Holder homeomorphism of S . We write 

D K = S l xS 1 \{(s,t)/ K (s)=t}. 

2. Let p : M — > D K be a principal M-bundle over D K equipped with a con- 
nection V. 

We define 

• Let C be the foliation of M by parallel vector fields along the curves 
c s : t i-> (s,i). 

We suppose 

• Let u> be the curvature w of V. Let / be such that u> — f(s, t)ds A dt. We 
suppose that / is positive and Holder. 

In this section, we aim to prove the following Theorem. 

Theorem 8.1 Assume that ~K\{S) acts on M by C -diffeomorphisms with Holder 
derivatives. We suppose that this action preserves V, and that 

1. M/%i(S) is compact. 

2. The action ofM. on M/ir\(S) contracts the leaves of C (ct definition \7.3\ ). 

3. There exists two H-Fuchsian representations pi and p2 of iti(S), with 
P2 = K~ pK such that 

V7 G tti(S'), p(ju) = ( Pl (j)(p(u)), p 2 (j)(p(u))). 

Then there exists homeomorphism ip from M to J , unique up to right composi- 
tion by an element ofC 1 ' h {S 1 ) x Diff h {S 1 ) an area preserving homeomorphism 
ip from D to T*S 1 such that 

• 7T2 o ip = ip o p, 

• ip commutes with the R-action, 

• ip sends C to T , 

and a representation p of tti(S) in C > (S ) x Diff (JS 1 ) such that 

Ip 07 = p(j) O -0. 

In particular, p is Anosov. 

Finally, assume that our data n, V depends continuously on a parameter. 
Then, we can choose ip to depend continuously on this parameter. 
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In the first three sections we give a geometric description of elements of 
C 1, ' l (S' 1 ) x Diff h {S 1 ) by their action on J. Then, we conclude the proof in the 
last two sections. 

To simplify the notations, we fix a trivialisation of M = R X D K so that the 
vector fields E/( s , u ) : 1 1— > (it, s, t) are parallel along c s . Let 

f M -» S* 1 

1 (u,s,t) i-> t, 

f M — » MxS 1 

1 (u,s), 

f M -> # K 

1 (»,*)• 

In particular, the foliation C is the foliation by the fibres of ~k\. 

For later use, using the above notations, we state the following obvious result 
which allows us to restate Condition [5] of Theorem 18. II 

Proposition 8.2 Suppose M/tti(S) is compact. Then the following conditions 
(2) and (2') are equivalent 

(2) The action o/R on M/tti(S) contracts the leaves of C 

(2') Let {t} m eN be a sequence of real numbers going to +oo. Let {7} m( =N be a 
sequence of elements of-K\{S). Let (u,s,t) be an element of M such that 

converges to (uq, So, to) in M , then for all w in S 1 , with w ^ k(s), then 

{7m(s, w)} ffl £Mi 

converges to (so,to). 

8.1 7r-exact symplectic Homeomorphisms of the Annulus 

We aim to describe in a geometric way the group C 1,h (S' 1 ) XI Diff h (S 1 ) gen- 
eralising Proposition 16.31 Roughly speaking, we will describe it as a subgroup 
of the central extension of exact symplectic " homeomorphisms" of the Annulus 
(i.e. T*S 1 ). However, the notion of exact symplectic homeomorphism does not 
make sense in an obvious way, but some homeomorphisms may be coined as 
"exact symplectic" as we shall see. 

8.1.1 Line bundle 

We consider the real vector line bundle p : L n T'S 1 equipped with a connection 
V of curvature w. If (3 is the Louville form, we identify L with r*^ 1 x M, with 
the connection 

V = D + j3. 



TT 
7Tl 
P 
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It is well known, and we shall recall the construction in Section I5TS1 that the 
action of every Hamiltonian diffeomorphism of T*S 1 lifts to a connection pre- 
serving action on L. This lift is defined up to an homothety on L. 

Let J — > T*S X be the frame bundle of L. It is by construction a 3- 
dimensional contact manifold, with contact form (3 and equipped with an K 
action whose flow is a Reeb flow of the contact form. 

From the discussion of Paragraph l6.ll we conclude that J is identified with 
J 1 (S 1 ,K) with its contact form and R-action. 

8.1.2 Towards exact symplectic homeomorphisms 

The aim of the following sections is 

• to recall basic facts about symplectic and Hamiltonian actions on the 
Annulus, and in particular that every exact symplectic action lift to a 
connexion preserving action on L, 

• to extend this construction to a situation with less regularity, and in par- 
ticular to give a "symplectic" interpretation of the action of 

C l ' h {S l ) x Diff^S 1 ), 

on r*^ 1 . 

8.2 Exact symplectomorphisms 

In this section, we recall basic facts about symplectic diffeomeomorphisms. Let 
(M, oj) be a symplectic manifold, such that to is the curvature of an orientable 
real line bundle L equipped with a connection V. For any curve 7 joining x 
and y we denote by Hol(j) : L x — > L y the holonomy of the connection V along 
7. If 7 is a closed curve (i.e: x = y), we identify GL(L X ) with R and consider 
Hol{pf) as a real number. 

Let a be a nonzero section of L. Let /3 be the primitive of u> defined by 

Vxct = 0(X)a. 

We observe that if 7 is a smooth closed curve, then 

8.2.1 Exact symplectic diffeomorphisms 

A symplectic diffeomorphism is of M is exact if for any closed curve 

Hol(a) = Hol((f)(a)). (25) 
The following Proposition clarifies this last condition 

Proposition 8.3 Let <f> be a symplectic diffeormorphism. The following condi- 
tions are equivalent 
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• for any curve a, Hol(a) — Hol((f>(a)). 

• (j>* (3 — (3 is exact, 

• The action of <f> lifts to a connection preserving action on L. 

Furthermore if M = T*.? 1 and ctq is the zero section of T* S 1 — > S , then the 
map 

f H -> K 
7 1 1 <t> Hol((f>(a Q )) ■ 

is a group homomorphism, whose kernel is the group of exact diffeomorphisms 

Proof : The only point which is not obvious is the fact that for an exact 
symplectic diffeomorphism <fi, the action lift to an action on the line bundle L. 
We define a lift <j> in the following way. We first choose a base point xq in T*S X 
and X] a curve joining xq to 4>{xq). For any point x in T*S 1 , we choose a curve 
7 joining xo to x, then we define 

4 = Holi^Hol^Hol^y 1 : L x -> L 0(a;) . 

Since for every closed curve 

Hol(a) = Hol(<j>(a)), 
the linear map ^ is independent of the choice of 7. Finally we define 

4>{x,u) = (<f>(x),4> x u). 
By construction, <fi preserve the parrallel transport along any curve 7, that is 
4>{Hol(-/)u) = Hol(<f>(~f)).4>(u). 

Q.E.D. 

8.3 7r-Symplectic Homeomorphism 

The action of Diff(S 1 ) on S 1 lifts to an action by area preserving homeomor- 
phisms on T*^ 1 = T*S X . On the other hand r2 1 (S' 1 ), the vector space of con- 
tinuous one-forms on S 1 also acts on T*S 1 by area preserving homeomorphism 
in the following way 

fd6.{6,t) = (6,t + f(9)). 

We observe that Diff(S 1 ) normalizes this action. 

We define the group of 7r- symplectic homeomorphisms to be the group ri 1 (5' 1 ) xi 
Diff(S 1 ). Here is an immediate characterisation of 7r-symplectic homeomor- 
phisms whose proof is identical as that of Lemma lV.17l 

Proposition 8.4 An area preserving homeomorphism cj) o/T*!? 1 is tt- symplectic, 
if there is ip in- Diff(S 1 ), such that 

7T O (j) — 1p O 71". 
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8.3.1 7r-curves, holonomy of 7r-curves 

A ir-curve is a continuous curve c = (eg, c r ) with values in T*S 1 such that cq is 
C 1 . We define 

J [3 = J c r dc e , 

and 

Hol(c) =efc /3 . 

We collect in the following Proposition a few elementary facts. 

Proposition 8.5 1. The image of a ir-curve by a ir-symplectic homeomor- 
phism is a ir-curve, 

2. Let <& = (a, <f) be a ir-symplectic homeomorphism. Let c be a closed ir- 
curve, then 

Hol(<S>(c)) = Hol(c)efsi a . 

8.3.2 7r-exact symplectomorphism 

We finally define the group of it- exact symplectomorphism to be the group 

Ex* = (C 1 (S 1 )/R)xDiff(S 1 ), 

where C 1 (S 1 )/M. is identified with the space of continuous exact one- forms on 
S . Similarly, we finally the group of ir-Hamiltonian to be the group 

Ham* = (C 1 (S' 1 )/R) x Diff+iS 1 ), 

By the above remarks, we deduce immediately, reproducing the proof of Propo- 
sition EH 

Proposition 8.6 1. The group of ' ir-exact symplectomorphisms is the group 
of ir-symplectic homomorphisms <j) such that for any closed ir-curve c, 

Hol(c) = Hol(4>(c)). 

2. The action of any ir-exact symplectomorphism $ lift to an action of a 
homeomorphism $ on L such that for any ir-curve 

$(Hol(c)) = Hol(<t>(c))$. (26) 

3. Furthermore, $ is determined by Equation \2b]) up to a multiplicative con- 
stant. As a consequence there exists a element (/, <fi) ofC 1 (S 1 ) x Diff(S 1 ) 
such that the induced action of $ on J , identified with the frame bundle 
of L is (f,4>). We observe that f is defined uniquely up to an additive 
constant. 

4- Finally, if $ is Holder, so is $. 
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From this we obtain the following characterisation of C 1 ' h (S 1 ) x Diff h (S 1 ) 
which generalises Proposition 16. 21 

Corollary 8.7 A Holder homeomorphism of J belongs to C 1 '' 1 ^ 1 ) x Diff h (S 1 ) 
if and only if 

1. it preserves T , 

2. it commutes with the canonical flow, 

3. it is above a ir-exact symplectomorphism of T* S 1 . 

8.3.3 Width 

We generalise the notion of width for a 7r-exact symplectomorphism <fi in the 
following obvious way. 

Definition 8.8 [Width, Action difference] Let x and y two fixed points 
of <j). Let c be a tt -curve joining x to y. We define the action difference of x and 
y by 

8(0; x, y) = Hol(c U 0(c)) = . 

By Provosition \8.b\ it follows that this quantity does not depend on c. Further- 
more 

5{<f>;x,y) = 4>(x)/$(y). 

Finally, the width of <p is 

w{4>) = mp8((f);x,y). 

This quantity is invariant by conjugation under 7r-symplectic homeomorphisms. 
We identify this with the period of some cross ratio. 

Proposition 8.9 Let p be a representation in Homn- Let l p be the spectrum of 
p (cf Paragraph \7.1. and b p be its associated cross ratio ( cf Paragraph \7.1.4H 
with periods If, . Then 

Iog(«;(p(7)) = l P tl) + hil- 1 ) = 2J b „(7). 

Proof : Indeed, from the definition of the spectrum, for the attractive fixed 
point 7 + of ^(7) we have 

0( 7 +) = e ; " (7) . 

Since the repulsive point of /c( 7 ) is the attractive fixed point of p(7 _1 ), we obtain 
that 

\og(w{p{ 1 ))=l p { 1 ) + l p { 1 - 1 ). 

We now recall that according to Proposition l7 . 1 01 there exists a tt\ (5')-equivariant 
map 6 from T*S 1 to <9oo7n(5") 2 * which sends the fibres of r*^ 1 -> S 1 to the first 
factor. We define the inverse images of the second factor as horizontal curves. 
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If two points a and b belong to the same fibre of T*^ 1 , [a, b] is the arc joining 
a and b long that fibre 

Let now x G T^+S 1 and y G T^-S 1 be the two fixed points of p( 7 ) in T*S 1 . 
Let t be a point in T^+S 11 . Let u be a point in T^+S 1 which is joined to t by an 
horizontal arc c. 

We note that by definition 



The Assertion follows Q.E.D. 
8.4 Conjugation Lemma 

We state the hypothesis and notations of the result we prove in this paragraph 
• Let k be a a Holder homeomorphism of S 1 . Let 



We define 

• Let 7Td be the projection from D K on the first S 1 factor. 

• Let ds (rcsp. dt) be Lebesgue probability measure on the first (resp. 
second) factor of S 1 x S 1 . 

• Finally, let d9 ® dr be the measure associated to the canonical symplcctic 



K (7) = \ \og(Hol(c U [t, p( 7 )(t)] U 7 (c) U [p(7)K>, «]))• 



Let now c = [x, t] U c U [u, y]. We then have 



h p (l) = logoff ;(gUp(7) (2)) = log(u.(p( 7 ))). 



D K = S 1 x S 1 \{(s,t)/ K (s)=t}. 



form of T*S 1 . 



We also consider 



• Let / be a positive continuous Holder function such that 



Vs, t such that k(s) ^ t, 



f(s, u)du 




Finally, 



• Let uj = f(s, t)ds ® dt. Let 




Note that (3 is a primitive of to. 
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• For any C 1 -closed curve c, let 

HoL{c) =efcP. 

Lemma 8.10 Assume that f satisfies Hypothesis Then there exists a 

Holder homeomorphism ip from D K to T*S X such that 

• ip*u> — d9 ® dr, 

• 7T O Ip — TTr). 

• if 7i > 72 o,re two C 1 diffeomorphisms with Holder derivatives of the circle 
such that 7 = (71,72) preserves oj then 

^070 ip , 

is Holder and is n-symplectic above 71, 

• if c is a C 1 -curve in D, then ip(c) is a ir-curve. Furthermore if c is a 
closed curve then Hol^c) = Hol(ip(c)). 

The homeomorphism ip is unique up to right composition with a n-exact sym- 
plectomorphism. Finally ip depends continuously on n and f . 

Proof : The uniqueness part of this statement follows by the characterisation 
of 7r-exact hamiltonian given in Proposition l8.4l The proof is completely explicit. 
Let g be a C 1 -diffcomorphism such that Ws,g(s) ^ n(s) We consider 

T*S 1 = S 1 x R 
^ ( s , Jg (s ) f(s, u)du) 

It is immediate to check that 

• ip*u> — d9 ® dr, 

• 7T o ip = n D . 

We also observe that ip is a Holder map and a homeomorphism. We prove now 
that ip -1 is Holder. We have 

ip~ (s,u) = (s,a(s,u)). 

Where 

f(s, w)dw = u. 

sO) 

It is enough to prove that a is Holder. We work locally, so that / is bounded 
from below by k. Firstly, 

t>a(s,u) 

\u — v\ = \ / f(s,w)dw\>k\a(s,v)—a(s,u)\. 

J a(s,f) 
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This prove that a is Holder with respect to the second variable. Let us take 
care of the first variable. We have 

f(s,w)dw = u = / f(t,w)dw. 
sO) hit) 

Hence, 

(t.u) rg(s) pa(t,u) 

f(t,w)dw = f(t,w)dw + (f(t,w)-f(s,w))dw. 

a(s,u) Jg(t) Jg(t) 

Since we work locally, we may assume that k < w)\ < K and 
\f(t,w)~f(s,w)\<C\t- S f, 

we have 

k\a(s,u) - a(t,u)\ < K\t -s\ + C\t - sf. 

Therefore a is a Holder function. 

By the construction of i/j, if c is a C^-curve in D, then ip(c) is a 7r-curve. 
Recall that ^ 

f3(s,t) = I / f(s,u)du\ds 
V Jg(s) J 

is a primitive of to. It follows that if c : s h- ► (ci(s), C2(s)) is a C 1 curve in D K . 
Then 

log(i2oL(c)) = f 13= f [ ) f(8,u)ci(8)dud8 = log(Hol(^(c))). 

It remains to check that fo^oi/i -1 is 7r-symplectic and Holder. But this 
is immediate by construction. The continuity of ip on k and / follows from the 
construction. Q.e.d. 

8.5 Proof of Theorem IH7T1 
8.5.1 A preliminary lemma 

We need the following lemma 

Lemma 8.11 Let p\ and pi be two H -Fuchsian representations of fti(S) in 
Diff h (S 1 ). Let k be a Holder homeomorphism of S 1 , such that k o p x = p 2 o k. 
Let f(s,t) be a positive continuous function on 

D^S 1 xS 1 \{(s 1 t)/ K (s) = t}. 

Assume that, for all 7 in tti(S), lo = f(s, t)ds (g) dt is invariant under the action 
of(pi (7)^2(7))- Then 

r K ( s ) rt 
V(s,i) € D K , / f(s,u)du= / f(s, u)du = 00. 

Jt J k(s) 
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Proof : For the sake of simplicity, we write Pi("f) — 7'. We first observe that 
the invariance of u yields 

/(S)t) = ^ (s) M W/(7 l (s)i7 2 (t)) . 

For any (s,t) in D K , we may find a sequence {7„}„ 6 n such that 

lim 7 i( S ) = So , (28) 

n — >oc 

lim ^(t) = t ^ «(a ), (29) 



li m M( s ) = +00 . (30) 

n^oo ds 

Now using the invariance of u> by (7 1 ,7 2 ), we obtain that 

f( S ,u)du = f M( s )M (lx)/(7 l (s))7 2 (u))du 



, L ( s ) / f(ln(s),u)du 



From Assertions l|28l) and (|29|l . we deduce that 



j 1 /-7;(t) 

-^( S ) / fU{s),u)du 



lim / f(^(s),u)du= / f(s ,u)du>0. 

" '«(7i(s)) -/"(so) 



n — >oo 



Hence Assertion (|3C1|I shows that 

f(s, u)du = 00. 

(s) 

A similar argument shows that 



k(s) 



k(s) 

f(s, u)du = 00. 



Q.E.D. 



8.5.2 Proof of Theorem I5TT1 

Proof : Recall our hypothesis and notations. Let n be a Holder homeomor- 
phism of S . Let 

D K = S 1 xS 1 \{(s,t)/ K (s)=t}. 
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such that k o pi = p 2 o k. Let p:M=lx D K — > D K be a principal R-bundle 
over Z? K equipped with a connection V. Assume the curvature lo of V is such 
that w = f(s, t)ds A dt with / positive and Holder. . Let 

M -> S 1 

(u, s, i) i — ► i 

M -> IxS 1 

(u,s,i) i-» (u,s) 

M -> D K 

(u,s,t) t-> (s,t) 

Assume that m (S) acts on M by C 1 -difFeomorphisms with Holder derivatives. 
Assume this action preserves V, and that 

• M/m(S) is compact 

• The action of R on M/tti(S) contracts the fibres of iri. 

• There exists two ii-Fuchsian representations p\ and pi of Tti(S), such that 

p(-yu) = (pi(l)(p(u)), p 2 (l)(p(u))). 

We want to prove there exists a R-commuting Holder homeomorphism tp 
from M to J over a homeomorphism tp from D to T*^ 1 , a representation /? of 
71-1(5) in C 1 '^ 1 ) x Diff h {S 1 ) element of Hom H , such that 

tp O "f — p(-y) o ■)/). 

Notice first that by Lemma f8. Ill 

\/(s,t) € D K , / f(s,u)du= / f(s,u)du = 00. 
Jt Jk(s) 

It follows the hypotheses of Lemma 18.101 are satisfied. Thus, there exists a 
Holder homeomorphism i/> from D to T*S 1 unique up to right composition with 
a 7r-exact hamiltonian, such that 

1. tp^uj = d6 ® dr, 

2. TT O tp = 7TD. 

3. if 71, 72 are two C 1 diffeomorphisms with Holder derivatives of the circle 
such that 7 = (71,72) preserves u> then 

tp o 7 o , 

is Holder and 7r-symplectic above 71, 

4. if c is a C 1 -curve in 13, then ^/)(c) is a 7r-curve and Hol^(c) = Hol(tp(c)). 
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Let 7 be an element of tti(S). Since 7 acts on M preserving the connection 
V, it follows that f(<y) — (^1(7), ^2(7)) acts on D K in such a way that for all 
C 1 -curves Holy(c) = Holy(f( , y)c). 

We now show that 

HoL(c) = HoL(ffr)c). (31) 

We choose a trivialisation of L. In this trivialisation V = D + j3 + a, where D 
is the trivial connection and a is a closed form. Then 

Hol v {c) = HoL{c).e^ a . 

To prove Equality (|31|l . it suffices to show 



a= a. (32) 

/(7)(c) Jc 

But pi (7) preserves the orientation of S 1 , hence is connected to the identity by 
a family of mapping f t . It follows that f(j) is also homotopic to the identity 
through the family (/ t , k/ 4 k~1). This implies that f(j) acts trivially on the 
homology. Hence Equality (1521 . 

It follows from (3) and (4) that 5(7) = ip o /(<y) o is a 7r-exact symplec- 
tomorphism. 

Finally, we define a map tp from M to J above ^/), commuting with R action, 
"preserving the holonomy " well defined up right composition by an element of 
K.. Let fix an element yo of the fibre of p above xo in D K and an element zq of 
the fibre of n2 above VK^o)- Let y be an element of the fibre of p above some 
point x of D K . Let c be path joining xo to x. We observe that there exists \i in 
M such that 

y = H + Hol v (c)y . 

We define 

4>(y) = M + Hol(ip(c))z . 

Since for any closed curve Hol\j(c) = Hol(ip(c)), it follows that ip(y) is inde- 
pendent of the choice of c. 

By construction, tj) satisfies the required conditions. The uniqueness state- 
ment follows by the Corollary 18 . 71 The continuity statement follows by the cor- 
responding continuity statement of Lemma 18 . 1 Ul and the construction. Q.e.d. 



9 Negatively curved metrics 

We first use our conjugation Theorem 18. II to prove the space Rep H contains an 
interesting space. 

Theorem 9.1 Let M. be the space of negatively curved metrics on the surface S. 
Then there exists a continuous injective map ip from M. to Rep H . Furthermore, 
for any 7 in tti(S) 

l g(l) = h(g)(l)- 



43 



Here ^(7) is the length of the closed geodesic for g freely homotopic to 7, and 
ltp(g) is the tp{g) -length 0/7. Finally, ip(go) = VKffi); if and only if there exists 
a diffeomorphism F of S, homotopic to the identity, such that F*(g ) = g\. 

We first recall some facts about the geodesic flow and the boundary at infinity 
of negatively curved manifolds. 

9.1 The boundary at infinity and the geodesic flow 

Let S be a compact surface equipped with a negatively curved metric. Let S 
be its universal cover. Let US (resp. US) be the unitary tangent bundle of 
S (resp. S). Let cj> t be the geodesic flow on these bundles. Let dooS be the 
boundary at infinity of S. 

We collect in the following Proposition well known facts : 

Proposition 9.2 1. docS = 9 00 7Ti(5'). 

2. docS has a ^-structure depending on the choice of the metric such that 
the action ofiri(S) on it is by C 1,h -diffeomorphisms. The action of iri(S) 
is Holder conjugate to a Fuchsian one. 

3. Let Q be the space of geodesies of the universal cover of S. Then Q is 
C 1,h -diffeomorphic to (d^TTi {S)) 2 * . 

4- US — > Q, is a R-principal bundle (with the action of the geodesic flow). 
Furthermore the Liouville form is a connection form for this action in- 
variant under iri(S), and its curvature is symplectic. 

The following well known Proposition explains the identification of the uni- 
tary tangent bundle with a suitable product of the boundary at infinity. 

Proposition 9.3 There exist a homeomorphism f of 

d^TTxiS) 3 * = { oriented (x,y,z) G (9 00 7Ti(5 , )) 3 /.t / y/ z^a;} 

with US such that if tp t = f~ x o <j> t o f then, 

• i>t{z,x,y) = {w,x,y), 

• let {i} m eN be a sequence of real numbers going to infinity, let (x,y,z) G 
doo^i{S) 3 * , let {j}mefi be a sequence of elements ofiri(S), such that 

{lm°^t m {z,x,y)} nen converges to (z ,x ,yo)- 

Then for any w, v such that (w,x,v) G d OD ni(S) 3 * , there exists u such 
that 

{j m °ipt m (w,x,v)} n&i converges to (v ,x ,y ). 
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Proof : We explain first the construction of the map /. Let (z,x,y) € 
doo^i(S) 3 * ■ Let 7 the geodesic in S going from x to y. Let j(to) be the 
projection of y on 7, that is the unique minimum on 7 of the horospherical 
function associated to z. We set f(z,x,y) = j(to)- Then the first property of / 
is obvious, and the second one is a classical consequence of negative curvature, 
namely that two geodesies with the same endpoints at infinity go exponentially 
closer and closer. Q.e.d. 



9.2 Proof of Theorem EP 

We first have to check the hypotheses of Theorem l8.1l are satisfied. This follows 
at once by Proposition 19.21 and 19.31 using Proposition ^OJ Therefore associated 
to a negatively curved metric we obtain a representation in Horn* . For a hyper- 
bolic mtric, we obtain precisely a oo-Fuchsian representation. Since the space 
of negatively curved metric is connected, all the representation are actually in 
HoniH • 

Finally if VKffo) = VKfl'i)) then the two metrics have the same length spectrum 
and therefore are isometric by Otal's Theorem [7]. This proves injectivity. The 
continuity follows by the continuity statement of Theorem 18. II 



10 Hitchin component 

Let Rep H (7ri(S), SL(n,R)) be a Hitchin component, i.e. a connected component 
of the space of representations of iri(S) in SL(n,M) containing the Fuchsian 
representations as defined in [3] ( see also 

We now prove that Rep H contains all these Hitchin components. 

Theorem 10.1 There exists a continuous injective map 

ip : Rep H (7Ti(S),SL(n,M)) -► Rcp H , 

such that, if p G Rcp H (7Ti(S), SL(n, M)) then 

• for any 7 in ni(S), we have 

Here, l-^( p )(j) is the ^(p) -length ofj, and\ max {a) (resp. X m in(a)) denote 
the maximum (resp. minimum) real eigenvalue of the endomorphism a in 
absolute value. 

• The cross ratio associated to p and ip(p) coincide. 

• if)(p) is compatible (cf Definition \l~Tl$ . 

In some sense, this result says that C 1,h (S 1 ) x Diff h (S 1 ) is a version of 
SX(oo,M). 



45 



10.1 Hyperconvex curves 

For every Hitchin representation p in SL(n, R), there exists a p-equivariant 
hyperconvex map £ from 3 00 7r 1 (5') to P(R n ). More precisely, in [5] we proved 
there exists a p-equivariant Holder map (C 1 ,^ 2 , ■ ■ ■ , C™ -1 ) from d^TTi^S) to the 
flag manifold T , called the osculating flag of £ or the limit curve of p, such that 

• £ = £\ 

• £ p is with values in the Grassmannian of p-planes, 

• if (m , . . . , ni ) are positive integers such that 

i=i 

2J < n, 

i=l 

if (xi, . . . , xi) are distinct points, then the following sum is direct 

fWe-efW; (34) 

• finally, for every x, let p = ni + . . . + ni, then 

i=i 

lim (0^(1/0) =^W- (35) 

Wll— .l/lJ-^jJ/iaU distinct ^ 

z— 1 

It follows in particular that C 1 (^oo7i'i(<S')) (resp. £ n ~ 1 {d 00 -Ki(S))) is a C 1 -curve 
with Holder derivatives in P(K ra ) (resp.P(R n *)). Furthermore, for x ^ y, the 
sum ^(x) ©£™ _1 (y) is direct. 

We may rephrase these properties in the following way 

Proposition 10.2 Let p be a hyperconvex representation. Let^— (£\ . . . , ^™ _1 ) 
be the limit curve of p. Then, there exist 

• Two C 1 embeddings with Holder derivatives, rji and 772 , of S 1 in respec- 
tively P(R") and¥(R n *), 

• Two representations p\ and P2 of tti(S) in Diff h (S 1 ), the group of C 1 - 
diffeomorphisms of S 1 with Holder derivatives, 

• a Holder homeomorphism k of S 1 , 
such that 

1. miS 1 ) = e(docKi(S)) and ^(S 1 ) = C' 1 (d^S)) , 

2. t]i o pi = p o rji, 

3. if k(s) ^ t, then the sum ryi(s) © 772 (t) is direct. 
4- ko pi= p 2 o K, 
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Proof : Let 771 (resp. 772) be the arc-length parametrisationof £, 1 (d 00 TTi(S)) 
(resp. CHdooMS)))- Let 

The result follows. Q.E.D. 

For later use we introduce the continuous map 

^(ir 1 ^ 1 ,* 1 ^" 1 ), (36) 

from d oc TT 1 (S) 2 * to D K . 

10.2 Proof of Theorem HTTT1 

We use in this section the independent results proved in the Appcndix ll2l 

Let p be a hyperconvex representation. Let 771, 772 and k as in Proposition 
ITTH1 Let 77 = (771,772). Let 

D K = (S 1 ) 2 \{(s,t)/ K ( S ) = t} 1 

We observe that fti(S) acts by p — (pi,p2) on D K . It follows by Proposition 
110.21 that 77 is a />equivariant (with respect to the action on D K given by p) C 1 
map to 

P(n) 2 * = P(R") xF(W l *)\{(D,P)/D C P}. 

In Section 112.41 of the Appendix, we show there exists a SL(n,M.) invariant R- 
principal bundle L on P(n) 2 * equipped with a connection whose curvature is a 
symplectic form f2. 

• Let M be the induced bundle by 77: M — rfL. It is a R-principal bundle 
over D K equipped with an action of tti (S) coming from the SL(n, R) action 
on L. 

• Let 4>t be the flow of the induced R-action on M . 

• Let L be the foliation of M by parallel vector fields along the curves 
c s : t h-> (s,t) in D K . 

We observe the following 

Proposition 10.3 Let 7 be an element ofiri(S). Let x = 77(7 + ,7~) be a fixed 
point of 7 in D K . Let \ max and X m in be the largest and smallest eigenvalues (in 
absolute values ) of p(j) . Then the action of 7 on the fibre M x of M above x is 
given by the translation by 

bl ^max I 
s|t — I- 

Proof : This follows from the last point of Proposition 112. 4I Q.E.D. 
To complete the proof of Theorem llO.il we prove 
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• uj = rj*n is symplectic and Holder (in Proposition llU.4fl . 

• M/ttx(S) is compact (in Proposition II (J. 6fl 

• The action of R on M contracts the leaves of C (in Proposition llU.8fl . 

We explain now how these properties imply our Theorem : by Theorem 18. II 
there exists a homeomorphism tp from M to J, an area preserving homeomor- 
phism tp from D to T* S 1 such that 

• ip commutes with the R-action, 

• 7T2 O Ip = Ip O J), 

• ip sends C to T, 

and a representation p of ~Ki{S) in C 1,h {S r ) xi Diff h (S 1 ) such that 

ip o 7 = ^(7) o -0. 

In particular, p belongs to Horn*. 

Let us prove that p is actually in Homn- From the definition of Hitchin 
component, and the fact that we can choose ip to depend continuously on our 
parameters, it suffices to check that for any n-Fuchsian representation, i.e. a 
representation that factors through a Fuchsian representation in PSL(2, R) and 
the irreducible representation i of this latter group in PSL(n,WL). But in this 
case, the action of tti(S) extends to a transitive action of PSL(2,R) and is by 
definition in Homjj- 

The statement (|33|l about the spectrum follows by Proposition ll0.3l In par- 
ticular the spectrum is symmetric. Therefore, by definition, ip(p) is symmetric. 
Finally, by construction and Proposition II 2 .41 the two cross ratios coincide. 

By Theorem 17. 191 a oo-Hitchin representation which is symmetric is deter- 
mined by its cross ratio. It follows that ip is injective. 

Finally the continuity statement follows by the continuity statement of The- 
orem E3] 

10.2.1 Symplectic form 

We first prove the following 

Proposition 10.4 The two-form uj = r)*Q is symplectic and Holder. 

Proof : The regularity of 77 implies r/*£l is Holder. We begin by an observation. 
Let D be a line in W\ Pa line in R' 1 *, such that D © P = R". Let W be a 
two-plane containing D. Let 

W = T D ¥(W) C T D F{R n ). 

Let Van — 2-plane contained in P. Let 

V = T P P(iy J -) C T P P(R' 1 *). 
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From the definition of fl, we check that if 

V ®w ~ w 1 , 

Then 

In the case of hyperconvex curves, 

Since by hyperconvexity £ 2 (x) © £, n ~ 2 {y) — R" for x ^ y, we conclude that 77*0; 
is symplectic. Q.e.d. 
As a corollary, we get 

Proposition 10.5 Let p be a hyperconvex representation, then b p is strict. 

Proof : Let {x,y,z,t) be a quadruple of pairwise distinct points. Let 77 
defined as in (|36[) . Let Q be the square in 9 00 7ri(S') 2 * whose vertices are 
(x, y), (z, y), {x, t), (z, t). We know that 

|6 p (x,77,Z,i)| = e H(«) W . 

Since o> is symplectic, and Q has a nonempty interior, we have J^rg-j w ^ 0. 
Hence b p (x, y, z, t) ^ 1. Q.e.d. 

10.2.2 Compact quotient 

We consider now the K-principal bundle M over D K , defined by M = rfL. M 
comes equipped with a connection, whose curvature form is uj. Furthermore 
7Ti(S) acts on M, by the pull back of the action of SL(n,M.) on L. We now 
prove 

Proposition 10.6 The quotient M / V \{S) is compact. 
Recall that vri(S') acts with a compact quotient on 

docTTi(S) 3 * = {oriented triples (x,y,z) G (d 00 TT 1 (S)) 3 , x ^y,y^z,x^z}, 
We first prove : 

Proposition 10.7 There exists a continuous onto ■K\{S)-equivariant proper map 
I from doo^i(S) 3 * to M . Moreover, the map I is above the map i\ — (771, 7)2) from 
<9oo7ri(S) 2 * to D K , i.e l(z,x,y) E M^ x>y ). 

PROOF : Let (z, x, y) be an element of S 3 * = 9 00 7Ti(S') 3 *. The two transverse 
flags and £(?/) defines a decomposition 

M™ = Li(x, y) © L 2 (x, y) © ... © L n (x, y), 
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such that ^(x) = L\{x,y) and 

C- 1 (y) = L 2 (x,y)(B...(BL n (x 1 y). (37) 

Let u be a nonzero element of S}{z). Let m be the projection of u on Z/,(a;, y). 
By hyperconvexity, Uj 7^ 0. We choose u, up to sign, so that 

|tti A . . . A u n \ = 1. 

Finally we choose / in £ n ~ 1 (y)~ L so that (f,Ui) = 1. The pair (u\,f) is well 
defined up to sign, and hence defines a unique element l(z,x,y) of the fibre of 
M above rj(x,y). 
We prove that I : 

( S 3 * -> M 

1 ^ l(z,x,y), 

is proper. Let {(z m , x m , y m )}meN be a sequence of elements of 5 13 * such that 
{l(z mi x m ,y m ) = (u m , fm)} m efi converges to (u ,/o) with (f ,u ) = 1. In 
particular, we have that {(x mi y m )}m&i converges to (xo, yo), with x ^ y . We 
may assume after extracting a subsequence that {z m } me fq converges to z . To 
prove I is proper, it suffices to show that x z and y ^ z . 

Assume not, and let us suppose first that zq = xq. Let 7r m be the projection 
of ^(z m ) on £}{x m ) along £ n ~ 1 (y m )- We observe that n m converges to the 
identity from ^(^o) = ^(^o) to ^(xq). Let v m e such that n m (v m ) = 

u m . Since {u m } m eN converges to a nonzero element wo, {v m } m eN converges 
to i*o. As a consequence, all the projections {v^mtN of v m on Li(x m ,y m ) 
converge to zero for i > 1. Hence, 

l = liA...AihO, 

and the contradiction. 

Suppose now that z = yo- Using the volume form of R™, we identify 

L 2 {x,y) A ... A L n (x,y). 

We use the same notations as in the previous paragraph. Then ^ A... AwJJ, is 
identified with f m . It follows that 

v 2 m A...vl^f . (38) 

Recall that by hyperconvexity 
Recall also that, 

e(y) = L n _ p+1 (x, y) © . . . © L n (x, y). 
Since ^(z m ) — > ^(yo), it follows that for all fc 

fell n 
IKII ' 
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In particular 



IK A... Ad» II 

Thanks to Assertion (|38fl . we finally get that 1 1 f ^ 1 1 — * 0. Hence 

1 = ||^A...ACII 

< ||«mll ll^m A . . . V.™ || — > 0, 

and the contradiction. Therefore (zo,^o,yo) G S* 3 * and / is proper. 
It remains to prove that I is onto. First, for every [x, y), 

L(x,y) = i{s 3 *) n M^ X} y), 

is a closed interval, being the image of an interval. If (7+, 7-) is a fixed point 
of 7, then i( 7+i7 _) is invariant by p(j) that acts as a translation on M(~,~_\. 
It follows that 

£(7+ ,7-) = M (7+,7-)- 
Since the set of fixed points of element of ni(S) is dense in 9 00 7Ti(5') 2 , and l(S 3 *) 
is closed by properness, we conclude that l(S 3 *) = M and that I is onto. Q.e.d. 
As a corollary, we may now prove Proposition 1 10.71 

Proof of Proposition 110.71 

Since ni(S) acts properly on 5 3 *, and I is proper and onto, the action of 
tti(S) on M in proper: indeed for any compact K in M 

{7 e 7r x (5) 7 (if) n x ^ 0} c {7 e 7n(S), 7 (r 1 W) n r 1 ^) ^ 0}, 

Hence, 

»{ 7 e Jri(5), 7 (*0 n K ± 0} < »{7 G tti(5), i(r\K)) n Z" 1 ^) ^ 0} < oo. 

Next since tti(S) has no torsion elements and acts properly, it follows that the 
action of tti(S) on M is free. The space M/tti(S) is therefore a topological 
manifold. Finally, the quotient map of I from S 3 */ir\(S) (which is compact) 
being onto, it follows M/nx(S) is compact. 

10.2.3 Contracting the leaves 

We notice that M is topologically a trivial bundle. Let £ be the foliation of 
M by parallel vector fields along the curves c s : t i— > (s,t) in D K . We choose a 
7Ti(S')-invariant metric on M. We prove now: 

Proposition 10.8 The action <p t o/M on M contracts the leaves of C. 

Proof : In the proof of Proposition ESI we exhibited a proper onto con- 
tinuous 7Ti(5')-equivariant map I from dooTTi(S) 3 * to M. This map is such that 

1(Z,X,V) G M v(x,y)- (39) 

From Proposition 19.31 by choosing a hyperbolic metric on S we have a flow 
ipt by proper homeomorphisms on doo^i(S) 3 * such that 
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1. tpt{z,x,y) = (w,x,y), 

2. let {t} me N be a sequence of real numbers going to infinity, let (z, x, y) 6 
doo^i(S) 3 * , let {7} m eN be a sequence of elements of ni(S), such that 

{7m °'4 } t m {z,x,y)}nm converges to (z ,x ,y ). 

Then for any w, v such that (w,x,v) 6 9 0O 7ri(S 1 ) 3 *, there exists vq such 
that 

{TmO^K^^IneN converges to (w ,x ,yo)- 

From the compactness of S, the properness of I and the flows, and we obtain 
positive constants a and b such that 

Vw, VT, 3t e]T/a - 6, Ta + &[, Z(V>t(u)) = <MU«))- 

Therefore, we deduce the following assertion holds: let {i} me N be a sequence 
of real numbers going to infinity, let u £ M , let {7} m eN be a sequence of elements 
of ni(S), such that 

{7™ ° 0t m (w)}„gN converges to u 6 M^ Xo>yo y 

Then for any ui, s such that w G Mm x>s \, there exists «o such that 

{7™ ° 0t„,(w)}„eN converges to v € M^ xo>yo ). 

Hence the hypothesis of Proposition 18.21 holds for the R-action on M and in 
particular this action contracts the leaves of C. Q.E.D. 

11 Appendix A : Filtrated Spaces, Holonomy. 

We are going to describe a notion of a topological space with "nested" lam- 
inations. This require some definitions. First we introduce some notations, 
Let 

Z = Z-i x . . . x Z v 
For k < p, we note pk the projection 



Zx X . . . x Z k 

subset of Z and x a poin 

U to be 



If U is a subset of Z and x a point of U, we define the -leave through x in 



u* = unp^{ Pk (x)}. 

We notice that U x +1 C U x . The higher dimensional leaf is Ux- If is a map 
from U to to a set V, we note 

If V C W — Wx x ... x Wk , we say is a filtrated map if 

Vfc, ^)c4,. 
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11.1 Filtrated Space, Lamination 

In this section, we define a notion of filtrated space for which it does make sense 
to say some maps are "smooth along leaves with derivatives varying continu- 
ously" . 

Definition 11.1 [C°°-filtrated space] We say a metric space P is C°°- 
filtrated if there exist 

• a covering of P by open sets Ui, called charts, 

• Holder homeomorphisms, called coordinates, (pi ofUi withV^xV^x. . .xV* 
where for k > 1, V { k is an open set in a finite dimensional affine space, 

We furthermore make the following assumption about coordinates changes. Let 

defined from Wij = (f)j(Ui CiUj), to Wji. We suppose 

• 4>ij is a filtrated map, 

• (4>}j)x is a C°°-map whose derivatives depends continuously on x. 

We observe by the last assumption, for all k, (<Pij) x is a C°°-map whose deriva- 
tives depends continuously on x. 

When p = 2, we speak of a laminated space. We may want to specify the 
number of nested leaves, in which case we talk of p-filtrated objects. 

The Holder hypothesis is somewhat irrelevant, but is needed in the applica- 
tions we have in mind. 

We now extend the definitions of the previous paragraph. Let P be a C°°- 
p-filtrated space. Let k < p. 

Definition 11.2 [Leaves] The fc^-leaves are the equivalence classes of the 
equivalence relation generated by 

yKx Pkiftiv)) =Pk{4> l {x)). 

Let P and P be two C^-p-filtrated spaces. Let 4>i be coordinates on the P and 
</>j be coordinates on P. 

Definition 11.3 [Filtrated MAPS and immersions] Let ip be a map from P 
to P. We say ip is a C°°-Filtratcd maps if 

• ip is Holder, 

• ip send k^-leaves into k^-leaves, 

• (<piOip o (pj)^ are C°° and their derivatives vary continuously with x. 
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A filtrated immersion is a filtrated map tp whose leafwise tangent map is 
injective: in other words, o i/j o <pj)^. is an immersion. 

Definition 11.4 [Convergence of filtrated maps] Finally let {ip n } n &i be 
a sequence of C°° -filtrated maps from P to P. We say it C°° converges on every 
compact set if 

• it converges uniformly on every compact set 

• all the derivatives of {4>i°' l Pn <t>j)x converges uniformly on every compact 
set (as a function ofx). 

Definition 11.5 [Affine Leaves] We say that P is C°° -laminated by affinc 
leaves or carries a leafwise affine structure if furthermore (j)ij | u x is an affine 
map. 

11.2 Holonomy Theorem 

We now prove the following result which generalises Ehresmann-Thurston Holon- 
omy Theorem. 

Theorem 11.6 Let P be a p-filtrated space. Let G be a group of C°° -filtrated 
leafwise immersions of P, equipped with the topology of C°° -convergence on 
compact sets. Let V be a compact p-filtrated space and V be a connected Galois 
covering with finitely generated Galois group Y . Let U the set of homomorphisms 
p from r to G such that there exists a p-equivariant filtrated immersion from V 
to P. Then U is open 

Moreover, suppose po belongs to U . Let fo be a po-equivariant filtrated im- 
mersion from V to P. If p is close enough to po, we may choose a p-equivariant 
filtrated immersion f arbitrarily close to f on compact sets. 

We note again that we could have ripped the word "Holder" from all the 
definitions and still have a valid theorem. 

Proof : We choose a finite covering U l of V such that 

• U l are charts on P, 

• U l are trivialising open sets for the covering 7r : V — > V. 

We choose an open chart U 1 as well as a subset U 1 C V, such that it is a 
homcomorphism from U 1 to U . We make the following temporary definitions. 
A loop is a sequence of indices such that i; = i\ = 1 and 

Uh n uh+i ^ 0. 

A loop defines uniquely a sequence of open sets such that 

• 7r is a homcomorphism from U' J to U lj , 

• w n w +1 ^ 0. 
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A loop ii, . . . ii is trivialising if U 1 = U . In general, we associate to a loop 
the element 7 of T such that 7(t/ 1 ) = U p '. The group T is the group of loops 
(with the product structure given by concatenation) modulo trivialising loops. 
This is just a way to choose a presentation of T adapted to the charts U l . 

A cocycle is a finite sequence of g = {g^} of elements of G such that for 
every trivialising loop ii,...,i p we have 

g ili2 . . . g i p- li p = 1. 

It follows that every cocycle g defines uniquely a homomorphism p g from T to 
G, and furthermore the map g p g is open. 

Let g be a cocycle, a g-equivariant map / is a finite collection {/,} such that 

• fi is a filtrated map from U l to P, 

. on wn W, fj = g ij U 

It is easy to check there is a one to one correspondence between /9 ff -equivariant 
laminated maps and g-equivariant maps. 

We now oberve the following fact which follows from the existence of parti- 
tion of unity: 

Let Wo, W\, W2 be three open set in V, such that 

Wo C Wi C W[ C W 2 . 

Let h a filtrated map defined on Wi, then there exists e such that if hi is filtrated 
map defined on W\ and e-close to h on W\ then there exists h , 2e-close to h 
on W 2 , which coincides with hi on W - 

Let us now begin the proof. Let g be a cocycle associated to a covering 
U = (Ui, . . . , U m ). Let / be a (7-equivariant immersion. Let now g be a cocycle 
arbitrarily close to g. 

We proceed by induction to build a g-equivariant map / defined on a smaller 
covering V = (V\, . . . ,V m ) and close to /. Suppose 

/ = • • ■ 1 fi-l} 
is a 5-equivariant map defined on V" = (Vf\ . . . , V?_i), with V fc * C Uu- 
Suppose also that / is close to / on Vf, with I < i. Let 

Wi = viu...uv l i _ 1 . 

We now build f i on a smaller subset V? of Ui in the following way: let hi = g~ufi 
on WiDUi. The map hi is well defined on Wi D Ui and close to fi. We use our 
preliminary obervation to build f \ close to fi on Ui and coinciding with hi on 
a slightly smaller open subset Zi of WiHUi. We finally define V^ +1 = V t l n Zj. 
This completes the induction. 

In the end, we obtain a g-equivariant map / defined on slightly smaller open 
subsets of Ui, and close to /. Therefore, it follows / is an immersion. 

The construction above proves also the last part of the statement. Q.e.d. 



55 



11.3 Completeness of affine structure along leaves 

Let V be a compact space C°°-laminated by affine leaves. It follows that ev- 
ery leaf carries an affine structure. We shall say V is leafwise complete if the 
universal cover of every leaf is isomorphic, in the affine category to the affine 
space. 

We want to prove the following 

Lemma 11.7 Let V be a compact space C°° -laminated by affine leaves. Let E 
be the vector bundle over V whose fibre at x is the tangent space at x of the leaf 
C x . Assume there exists a one-parameter group (f> t of homeomorphisms of the 
leaves such that 

• for every leaf C x , 4>t preserves C x and acts as a one parameter group of 
translation on C x , generated by the vector field X . 

• Let L — M..X , then the action of the lift of <f) t on the vector bundle 

F = E/L 

is uniformly contracting. 
Then V is leafwise complete. 
Proof : For every x in V, 

O x = {ue E x /x + u e C x . 

Let 

o = u xev o x . 

We oberve that O is an open subset of E, which is invariant by (j)f By hypoth- 
esis, we have 

LcO. 

Since (f> t is contracting on F = E/L and V is compact, L admits a (f> = <pi 
invariant supplementary Fq. Let us recall the classical and well known proof of 
this fact. We choose a supplementary Fi to L. Then <fi*Fi is the graph of an 
element u> in K = F*®L. We now identify F\ with F using the projection. Since 
the action of (f>t is uniformly contracting on F, the action of is uniformly 
contracting on K — F-j* <E> L, hence exponentially contracting by compactness. 
It follows the following element of K = Fj* ® L is well defined: 

p— — oo 

a= {FT"- 
P =-i 

This section a satisfies the cohomological equation 

cj)*a — a = u. 

This last equation exactly means that the graph Fq of a is invariant. 

Let u G E. Write u = v + XX, with v e F . It follows that for n large 
enough, we have (f) n {u) £ O. Since O is invariant by <f>, we deduce that u G O. 
Hence O = E and V is leafwise complete. Q.e.d. 
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12 Appendix B : the symplectic nature of cross 
ratio 



In this appendix, we explain how to construct different cross ratio from hyper- 
convex curves from a symplectic point of view. We concentrate on the case of 
projective spaces, although the construction can be extended to flag manifolds 
to produce a whole family of cross ratios. However in this case, for the moment, 
we do not know how to characterise these cross ratios using functional relations, 
as we did in the case of curves in the projective space. 

We also give more precisions concerning cross ratios associated of hypercon- 
vex curves and prove the result used in the proof. 

12.1 A symplectic construction 

All the examples of cross ratio we have defined may be interpreted from the 
following " symplectic" construction. Let V and W be two manifolds of the same 
dimension and O be an open set of V x W equipped with an exact symplectic 
structure, or more generally an exact two- form ui. We assume furthermore that 
the two foliations coming from the product structure 



satisfy the following properties 

1. Leaves are connected. 

2. The first cohomology groups of the leaves are reduced to zero. 

3. lo retricted to the leaves is zero. 

4. finally, let squares be closed curves of the form c\ U c 2 U C3 U C4 where c\ 
and C3 are along T + and c 2 and c 4 are along T~ ; we assume that squares 
are homotopic to zero. 



Remarks: 

• When lo is symplectic, by definition every leaf T ± is lagrangian. Then 
it is a standard fact that it carries a flat affine structure. If every leaf is 
simply connected and complete from the affine point of view, condition 
(4) above is satisfied: one may "straighten" the edges of the square, that 
is deforming them into geodesies of the affine structure, then use these 
straightening to define a homotopy. 

• We shall give later on examples of this situation. 



J to 

J V 



on{v x {w}) 
on(H x w) 
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Associated to the above data is a function B, called the polarised cross ratio 
defined on 

U = {(e, u, f, v) e V x W x V x W/(e, u), (/, u), (e, «), (/, v) e O}, 

in the following way. We consider a map G from the square [0, l] 2 to O such 
that 

• the image of the vertexes (0, 0), (0, 1), (1, 1), (1,0) are respectively (e, u), 

(f,u), (e,v), (f,v), 

• the image of every edge on the boundary of the square lies in a leaf of T + 
or T~ . 

We define the polarised cross ratio to be the function defined on U by 

B(e,u,f,v) = e^c". 

It is easy to check that the definition of B does not depend on the choice of the 
specific map G. 

Let now £ and £* be two maps from S to V and W respectively such that 
for all distinct x and y, (£(x), £* (y)) lies in O. Then, we have the following 
immediate 

Proposition 12.1 The function b defined by 

b(x,y,z,t) = B(Z(x)),C(y),az),e(t)). 

satisfies 

b(x,y,z,t) = b(z,t,x,y) 
b(x,y,z,t) = b(x,y, z,w)b(x,w, z,t) 
b(x,y,z,t) = b(x,y,w,t)b(w,y,z,t) 

This function b is not defined for x — y and z = t. It follows from the above 
proposition that it extends to a crossratio provided that 

lim b(x, y, z, t) = 0. 

We explain quickly a similar construction for triple ratio. We consider a 
sextuple (e,u, f,v, g,w) inVxWxVxWxVx W. Let now <j> be a map 
from the interior of the regular hexagon H in V x W such that the image of 
the edges lies in JT+ or T~ , and the (ordered) image of the vertices are (e, u), 
{f,u), (/,«), (g,v), (g,w), {e,w). We check that the following quantity does 
not depend on the choice of : 

T(e,u,f,v,g,w) = e^$Hru. 
Finally using the same notations as above, we check that 

t(x, y, z) = T(£(a:), f (z), fW, £(«), ^ (l/)). 
is the triple ratio as defined in Paragraph ia. 31 
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12.1.1 Period and action difference 



Let 7 be an exact Hamiltonian diffcomorphism of O. Let a and (3 be two fixed 
points of 7 and c a curve joining a and (3. Since 7 is isotopic to the identity, it 
follows that c U 7(c) bounds a disc D. We define the action difference to be 

<5 7 (a,/3,c) = ea;p( / w). 

We first recall the 

Proposition 12.2 The quantity 5 :— S 7 (a,f3,c) just depends on the homotopy 
class of c. 

Proof : In our case, this follows from the fact u> is exact. In general the action 
difference depends also on a path joining 7 to the identity. Q.e.d. 

In our case, we have a preferred class of curves joining two points as we now 
explain: let a = (a, b) and (3 — (a, b) be two points of O. We notice that since 
squares are nomotopic to zero, we have a well defined homotopy class c a b a 
for curves from (a, b) to (a, 6), namely curves homotopic to c + U c~ U c + , where 
c+ is a curve along T + going from (a, b) to (y, b), c~ a curve along T~ going 
from (y,b) to (y, 6), and c~ a curve along going from to (a, b). By 

convention we set 

5 7 (a,[3) = S~f(a,f3,c abah ). 

Let = (p,p) be a representation of tt 1 (S) in the group of Hamiltonian dif- 
feomorphism of O which are restriction of elements of Diff(V) x Diff(W). Let 
be a </>-equivariant map of c^ti"! (5) in O. We now prove using the nota- 
tions of the previous paragraph 

Proposition 12.3 Let 7 be an element of tti(S) then, 

(7 + , y, 7" , ivf = hh) T (7-)), K(7"), r (7 + ))) • 

In particular, 

^(7) = ^iog|5 p(7) ((e(7 + ),r(7-)),(e(7-),r(7 + )))|. 

Proof : Let / = (g,g) be a Hamiltonian diffcomorphism of O, restriction of 
an element of Diff(V) x Diff(W). Let (a, 6) and (a, b) be two fixed points of /. 
Let as before c = c + U c~ U c + composition of 

• c + a curve along J r+ from (a, b) to (y, 6), 

• c~ a curve along J 7 ^ from (y, b) to (y, 6), 

• and c _ a curve along J 7 " 1 " from (y, b) to (a, 6). 

Assume (a, 6) and (06) be fixed points of /. Then c U 7(c) is a "square" , i.e the 
composition of 
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• a curve along T + from f(y, b) = (g(y), b) to (y, 6), 

• a curve along T~ from (y, b) to (y, b), 

• a curve along T + from (y,b) to f(y,b) — (g(y),b) , 

• a curve along T + from (g(y),b) to (g(y),b) 



Let D be a disk whose boundary is this square. By definition 



5 f ((a,b), (a 




The proposition follows from the definition of the cross ratio associated to (£, £*) 
when we take / = (^(7), p*(j)) and 



Q.E.D. 

12.2 Projective spaces 

As a specific example of the previous situation, we wish to discuss the following 
case which makes the link with Section l2"31 Let E be a vector space. We identify 
¥(E*) with the set of hyperplanes of E. Let 

P 2 * = ¥(E) x ¥(E*) \ {(D, P)/D C P] 

Using the identification of T {DiP} F 2 * with Hom(D, P) © Hom(P, D), let 

n((f,9),(hd))=tr(foj)-tr(hog). 

Let L be the K-bundle over F(n) 2 * , whose fibre at (D, P) is 

L (AP) = {u e D, f e P ± /(f, u) = l}/{+l, -1}. 

Then 

Proposition 12.4 There exists a connection form (3 on L such that 

• Its curvature is symplectic and equal to £1. 

• Let u G D C E, then the section 



is parallel for (3 above {D} x (P(E*) \ {P/D C P}). 

• If h <E P(-F), we denote by h a nonzero element of h. The polarised cross 
ratio associated to 2Q is 



(a,M,6) = (£(7 + U*(7-U(7 + ),r(7-))- 



(„:Ph (u, /) such that (it, /} = 1, and f £ P 



H u , f, v ,g) 



(f,y)(g,u) 

(/, u) (g,u) 
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• Let f be an element of SL(n,M). Let D (resp D) be an eigenspace of 
dimension one for the eigenvalue A (resp. Then {D,D r ) is a fixed 

point of f in P 2 *. The action of f on £>-*-) * s ^ e translation by 

log\\/(i\- 

Proof : We consider the standard symplectic form Q° on E x E*/{+l, —1}. 
We observe that = d[3° where (3? u f\(v,g) — (u,g). We have a symplectic 
action of R given by 

\.(uj) = (\- 1 u,\f), 

with moment map 

= </>«>■ 

We observe that L — ^ _1 (1). Therefore, we obtain that (3 = (3 \l is a connection 
form for the R-action, whose curvature fi is the symplectic form obtained by 
reduction of the Hamiltonian action of R. 

We now compute explicitely fi. Let (D,P) be an element of P 2 *. Let it be 
the projection onto P parrallel to D. We identify T(£>. P )P 2 * with Hom(D,P) © 
Hom(P ± ,D ± ). Let (f,g) be an element of T (DtP) P 2 *. Let u E D, a e P^~ 
with (u,a) G L, then (f(u),g(a)) is an element of T( U)Ct )L which projects to 

{/,§)■ By definition of the symplectic reduction if (f,g) and (ft, I) are elements 
of T (Z , ;P) P 2 *, then 

Q((f,g),(h,l)) - <f(a),/(«)> - (ff(a),ft(«))- 
Finally, let n be the projection onto P in the D direction. We define 
f Hom(P,D) Hom(P ± ,D ± ) 

I / -> /=(/0 7T)* ' 

In particular 

(/(<*),/(«)) =tr(*° /)<«.«> 
The second point follows immediately by the explicit formula for (3°. Using this, 
a computation of the holonomy of this connection shows the formula about the 
cross ratio. 

The last point is obvious. Q.e.d. 
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